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Abstract

Photonics plays an important role in modern technologies, e.g. in telecommunications
and sensing systems. Waveguiding structures with micro- and nano-meter scale
features are the basic building blocks of photonic circuits. Large varieties of structures
have been used by scientists and engineers. These range from the conventional planar
and channel waveguides, which work on the basis of the total-internal-reflection (TIR)
mechanism, to the more advanced structures that utilize the anti-resonance-reflection,
leaky-defect-resonance, and photonic-band-gap principles to (quasi-)confine and
control the light. More and more complicated structures are emerging along with the
development of both theory and fabrication technologies, leading to the improvement
of existing applications and enabling access to many new application areas. As the
fabrication of these devices usually involves costly facilities and time-consuming
procedures, modeling tools are indispensable to explore new ideas, characterize and
design the devices before their realization, as well as to understand the experimental
results.

This thesis reports a series of techniques the author has developed to model
various waveguiding structures, including the conventional planar and channel
waveguides working by, and the advanced structures working beyond the TIR
mechanism. Hence, this thesis contains both the methods and their applications to
model and study the standard guided-wave and the advanced leaky-wave structures.
The methods include mode solvers based on finite difference method (FDM) and finite
element method (FEM), furnished with transparent boundary conditions (TBCs) for
both guided and leaky modes. Based on the developed techniques, structures as simple
as planar waveguides up to as complicated as photonic crystal fibers (PCFs) can be
modeled rigorously.

For structures with 1-D cross-section, both FDM and FEM mode solvers have
been developed. For the FDM, a special discretization scheme that takes into account
both the permittivity gradients and discontinuities at interfaces between different
graded-index anisotropic materials of planar structures, has been developed and
applied to structures with complicated index profiles like the titanium-indiffused
proton-exchanged LiNbO; waveguides. For the FEM, either the one based on the
variational or Galerkin approaches, simple high-order schemes capable to give 4™- or
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6"-order accuracy in effective indices have been developed for guided and leaky
modes computation. Using the FEM mode solver; the properties of the anti-resonance
reflecting optical waveguides (ARROWS), especially the anti-crossing phenomenon
observed in the dispersion curves were studied. Together with the perturbation method,
the FEM mode solver was also used to study the effect of a high-index medium in the
proximity of a waveguiding structure. An interesting phenomenon on evolution of
modes from guided to leaky and back to guided again as one varies the refractive index
of the high-index medium was observed.

For structures with 2-D cross-section, a FEM scheme based on the Galerkin
principle has been developed to solve the full vectorial wave-equation with a TBC that
enables the computation of both guided and leaky modes in a relatively small
computational domain. Using the mode solver, we investigate what happens when one
varies the gap thickness of a SizN, strip waveguide with a DAST (4’-dimethylamino-
N-methyl-4-stilbazolium tosylate) overlay. We observed in particular the evolution of
modes from guided to leaky and back to guided again, from q-TMy, to g-TEyo and back
to g-TMg again, and from g-TEy; to g-TE. The vectorial leaky mode solver is well
capable to handle complicated structure cross-section. It is suitable to rigorously study
PCFs, including those that utilize the index-guiding mechanism as well as those that
use the band-gap-guiding mechanism. Dispersion properties and confinement losses
were investigated for a variety of PCFs, among others PCFs with circular or non-
circular holes in the cladding, and with solid or air core. Another part of the study
concerns the single-modeness of a commercial endlessly single-mode PCF. Based on
the leaky mode picture, a criterion was proposed to locate its single mode operation
regime. Additionally, hollow-core integrated optical waveguides were studied. A
strategy, by considering the material composition of the anti-resonant bilayers to
reduce the leakage loss, is reported. Low-loss hollow-core integrated optical
waveguides designed based on that strategy, using silicon-compatible materials were
proposed.
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Chapter 1

Introduction

A general perspective of this thesis will be presented. Then, structures
that “quide” light without employing the total internal reflection

mechanism will be introduced. Finally, the organization of the thesis will
be outlined.



2 Chapter 1

Introduction

This introductory chapter is aimed to give a general perspective on the work presented
in this thesis. Additionally, an introduction to the “unusual” structures being modeled
in substantial parts of this thesis will be given. Finally, the organization of this thesis
will be outlined.

1.1. General perspective

Photonics plays an increasingly important role in modern technologies, e.g. in
telecommunications and sensing systems, which have great impact on modern society.
By just making a long-distance phone call or accessing the high-speed internet, one has
made use of the availability of the advanced telecommunication infrastructure, where
photonic technologies are intensively employed. Besides, in a much smaller scale and
impact, photonics is also utilized in other application areas like instrumentation,
environmental monitoring, and medical sensing.

Optical waveguiding structures are the basic building blocks of a photonic
system. The most widespread optical waveguide is the optical fiber, which provides the
huge bandwidth required to carry all the information between tele-/data-
communication centres; which may be located within just the same building or disperse
in different distant continents. At the end of the fiber, devices that can switch,
modulate, split, combine, multiplex, and demultiplex optical signals, built on a
compact chip, are required to perform all kinds of functionalities. Within this so-called
integrated optical chip [1], optical waveguides together with other tiny photonic
components are configured to form circuits that manipulate light.

Traditionally, these waveguiding structures, either fibers or integrated optical
waveguides, rely on the total-internal-reflection principles. However, more advanced
structures, which utilize the anti-resonance-reflection, the leaky-defect-resonance
(more popularly known also as the modified-total-internal-reflection; see our
comments in subsection 1.3.1.3), and the photonic-band-gap principles to
(quasi-)confine and control the light have emerged. The classical single- and multi-
mode fibers have recently got their new young brother, the so-called photonic crystal
fiber [2-7] that opens up a huge number of new applications such as supercontinuum
light generation, dispersion engineering, delivery of high-energy short-pulses, light-
gas/liquid/particle interactions, etc. The unique benefits offered by this new class of
optical fibers are so realistic, that factories [8-10] have been set-up to produce them
commercially. Similar concepts have also been demonstrated for integrated optics [11]
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since a long time ago, but might take longer time before air-hole-based structures [12-
13] can be used in practical applications. These advanced waveguiding structures
usually incorporate micrometer-scale features of high index-contrast. Additionally,
they used to bring along leaky behavior induced by the high-index background material
and the finite number of scattering features that form the cladding. As the fabrication
of these structures usually involves costly facilities and time-consuming procedures,
modeling tools are indispensable in research and development related to them.
Modeling tools are required to explore, verify, and refine new ideas; characterize and
design the structures/devices before their realization; as well as to interpret the results
coming out of measurements.

This thesis deals with numerical methods and their applications in modeling
various kinds of optical waveguiding structures. These include guided- and leaky-wave
structures composed of either isotropic or anisotropic materials. Mainly, longitudinally
invariant structures with 1-D and 2-D cross-sectional geometry will be considered.
These structures can be a combination of step- and graded-index planar waveguides, up
to structures with complicated 2-D cross-section employing many micrometer-scale
features. The methods used to tackle these problems are the finite element method
(FEM) and finite difference method (FDM). These methods have been chosen as they
can handle the complicated index profiles and cross-section geometrical shape, and are
applicable for both fiber- and integrated-optical structures. As the implementation of
the FEM for higher order of accuracy and complicated cross-sectional shape is more
transparent than the FDM, most schemes developed within this thesis will focus on the
first method, while the latter one will only be used in one chapter, dealing with planar
structures. Since for these methods, the efficiency, accuracy, and capability to deal
with guided- and leaky-waves depend on how the fields at the computational
boundaries are treated, special attention has been consistently paid to the transparent
boundary conditions (TBC). Also, anisotropic materials of diagonal permittivity tensor
have been considered within all schemes developed in this work as they are widely
used in integrated optics and the efforts spend on handling these materials are almost
comparable with those of isotropic materials.

The work presented within this thesis was carried out within the framework of
Project TWIL.4813 (“Efficient numerical schemes and nonlinear aspects beyond the
SVEA”) supported by the Stichting Technische Wetenschappen (STW Technology
Foundation). Another part of this project, carried out by another Ph.D. student, has
been reported elsewhere [14]. The work reported in this thesis was executed partly
(80%) in the Integrated Optical MicroSystems (IOMS) group of Dept. of Electrical
Engineering and partly (20%) in the Applied Analysis and Mathematical Physics
(AAMP) group of Dept. of Applied Mathematics of University of Twente.
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1.2. Modes of optical waveguides

Modes of optical waveguides can be classified by the value of their effective indices
(Negr) as illustrated in Fig. 1.1 and Table 1.1 for a planar waveguide, where for leaky
modes we have assumed no light inflow from substrate/cladding into the waveguide.
For simplicity reason, we illustrate the modes using a 2-D picture (where we assume
0y=0) and consider an open system of step-index 3-layer symmetric structure with
symmetry plane located at X=0. The refractive index of core and substrate/cladding
media are Ny and Ny, respectively, which are assumed to be real and isotropic, with ng>
Next- In principle, an asymmetric structure can also be treated in a similar way.

Im(n,g) ray picture
1 ext
guiding forward o guided \nf/
cut-off propagating modes mode n
ext
i . n .
-n . be-r%%nd by TIR, - 'adiation Z ‘ o
(. Ty > > mode : i
- - | ! :
% - " | Re(n ;) - A
] 0-0—o—P»
| /F nex(
«on n evanescent .
| by TIR| beyond . xt £ mode X
TIR A
\ﬂ—/ | k nexl
backward guiding . mode HN
propagating modes cut-off =
@ (b)

Figure 1.1. Illustration on the modes of a step-index 3-layer symmetric planar
waveguide by (a). the location of their effective indices in the complex
plane and (b). ray picture.

Table 1.1. The properties of forward propagating modes in a step-index 3-layer planar

waveguide.

Mode neg=Re(Ne)HIm(Nerr) Kiext Outward field Forward field
dependence in dependence in z-
substrate/cladding direction
Pen((X) exp(-jkoneriZ)

Guided real, Nex<Re(Neg)<n¢ imaginary decaying oscillatory

Radiation real, 0<Re(Neg)<Nex real oscillatory oscillatory

Evanescent | imaginary, Im(N.r)<0 real oscillatory decaying

Leaky complex, complex oscillatory with growing | oscillatory with

O<Re(Nefr)<Next envelope decaying envelope
Im(Ner)<0
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For time-harmonic solution with exp(jwt) time dependence, for forward (z+)
propagating modes (which will be considered in the rest of this section), within layer i,
we can have field solution ansatz of the wave-equation as follows.

0, = Py () exp| (@t —k,ny2)] (L.1)
with
@0 (X) =9 exp( jkt,ix) +0,; eXp(— jkt,ix) (1.2)

where K; denotes the transverse wave-number, while ¢;; and ¢,; are constants
governed by the continuity condition at interfaces and field at X=to and -co0. As for
leaky modes we assume no light inflow from outermost layers, while for guided modes
we consider only the decaying solutions, in these outermost layers, one of ¢, and
Prext 18 zero for these two types of modes. In a homogeneous outermost layer, the
transverse wavenumber in that region is

kt,ext = ko n:xt - n:ff (1.3)

Note that, only solution with one sign of the square root is required, as solution with
the other sign has been included by writing ¢, into two terms with different sign in
their exponent term in eq. (1.2).

1.2.1. Guided modes

If the value of N is real and located between n., and ng we will have lossless
propagation with light being confined within the core layer. The field in the
substrate/cladding will have an exponentially decaying profile since K¢ is imaginary
and one of ¢, and ¢, is zero due to no field at x=+o and -co assumption. These modes
are called guided modes, which in ray picture can be considered to be governed by the
total internal reflection (TIR) principle. These modes are discrete as only those that
fulfill the transverse resonant conditions can produce constructive interference, and are
hence localized within the core.

1.2.2. Radiation and evanescent modes

Beyond the TIR, we will have a continuum of radiation modes, which has real-valued
Negr smaller than n.,,. In the ray picture, they can be considered as rays coming from
outside of the core, which can’t contribute to the guided mode, but will partly pass
through the core and partly be reflected. These modes will have real-valued K .x, hence
will have an oscillatory profile in the substrate/cladding region. A special kind of
radiation modes with a ray direction perpendicular to the waveguide material-interface
planes is called the evanescent mode [1], as its field profile in the z-direction will be
evanescently decaying. This mode will have an imaginary-valued effective index.
Guided, radiation, and evanescent modes form a complete orthogonal set, based on
which an arbitrary field profile can be decomposed [15].
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1.2.3. Leaky modes

Leaky modes are the discrete complex solutions of the wave equation beyond cut-off,
beyond the TIR operation region [15]. For forward propagating modes, the real part of
their effective index [Re(n.s)] will be positive, while the imaginary part [Im(n.g)] will
be negative, indicating the presence of loss. This so-called confinement or leakage loss
should be interpreted as the leakage of energy outward from the core layer. As
consequence, this value will lead to K. which can only be located within the 1** and
3" quadrants in the complex plane as can be seen by inspecting eq. (1.3). This will lead
to an oscillatory field profile [due to the Re(K, )] but with growing envelope [due to
the Im(K;¢x) With the same sign as the Re(K;cy)] in the substrate/cladding region, if no
light inflow from the x=+co and - is assumed. This growing envelope makes these
modes to be unnormalizable, and hence they are often considered to be unphysical
[15]. Nevertheless, these modes can be used to explain the working principles of prism
coupling and various unconventional waveguiding structures, which will be introduced
in the next section. As these modes should fulfill a transverse resonance condition, they
are discrete.

1.3. “Guiding” light beyond the total internal reflection mechanism

This subsection introduces the advanced structures that use different mechanism than
the traditional guided-wave structures to “guide” light. Instead of exploiting the TIR
principle, they use the anti-resonant reflection, the leaky defect-resonance, or the
photonic bandgap mechanism to (quasi-)guide light. Although in their practical forms,
structures based on these working principles exhibit inherent confinement losses, they
are particularly interesting as they offer several unique properties unattainable by
traditional structures. In integrated optics, they can be fabricated using low-cost,
widely available semiconductor wafers as substrates together with the well-developed
processing technologies available for them. For the fiber, they enable the use of only a
single solid material, but opens up a larger degree of freedoms in designing, since the
properties of the waveguides can be controlled by the size, shape, orientation, and
arrangement of the microstructural air holes. Most of the structures exhibit unusual
dispersion properties, which can be utilized for specific applications. They also enable
the quasi-guiding of light in an air or liquid core, which opens up various new
applications regarding very localized light-gas, light-liquid, or even light-particle
interactions, both using fiber- or chip-based structures. In this thesis, structures based
on these working principles will be considered as leaky-waves structures, hence they

! The quotation mark is used to denote that the structures being considered here do not work in the guided-
mode regime but in the leaky mode regime. Hence, the term quasi-guiding is more appropriate than guiding
light.
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can be modeled using the leaky mode solver developed within the framework of this

proj ect.
upper cladding upper cladding
core core
anti-resonant layer 1
buffer layer anti-resonant layer 2

high-ind trat
high-index substrate igh-index substrate

(a) (©)

core core

upper cladding upper cladding

anti-resonant layer 1
anti-resonant layer 2

buffer layer

high-index substrate
high-index substrate

(b) (d)

Figure 1.2. (a). A planar and (b). a rib buffered leaky waveguide, where a low-index
buffer layer suppresses the leakage into the high-index substrate. (c). A
planar and (d) a rib ARROW where cladding layers operating in anti-
resonant condition suppress the leakage of light from the waveguiding
structure into the substrate.

1.3.1. Solid-core waveguides
1.3.1.1. Buffered leaky waveguides

Optical waveguides made on a semiconductor substrate are widely used. They gain
advantages from the wide availability of such substrates. Besides, they also share the
well-developed processing technologies being used also by other disciplines, like the
well-established microelectronics industry. Among others, are the waveguides made on
the low-cost silicon substrate. Unfortunately, the refractive index of this substrate is
high, while materials which are compatible with this substrate and suitable for guiding
light, like silicon oxynitride, silicon nitride, or silica, have lower refractive index. One
way to deal with this circumstance is by putting another lower refractive index material
between the waveguiding structures and the high-index substrate as shown in Fig.
1.2.a-b. This so-called buffer layer acts as a buffer that isolates the light in the
waveguiding structures from the substrate. These structures are apparently leaky, as the
light prefers to travel into the high-index substrate. However, as already well known, if
this layer is thick enough, the confinement loss of the structure can be small enough to
allow functional integrated optical circuits to be built based on this approach [16]. For
thick buffer-layer case, a guided-mode (or TIR-based) approximate analysis can be
used to design this kind of structures by simply neglecting the existence of the
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substrate. In Chapter 6, we will do a rigorous leaky-mode analysis of these structures
and validate that approach, while figuring out the relationship between the thickness of
the buffer layer, the refractive index of the high-index substrate, and the losses.
Additionally, we also interpret various interesting phenomena found for this kind of
structures using perturbation method.

1.3.1.2. ARROWs

A more advanced way to reduce the leakage of energy from the waveguiding structures
into the high-index substrate is proposed by Duguay et al. [11] by putting a high and a
low refractive index cladding layers of correct thicknesses between the waveguiding
structures and the high-index substrate as illustrated in Fig. 1.2.c-d. These cladding
layers behave as Fabry-Perot (anti-)resonators operating in the anti-resonant condition,
hence exhibiting a very high reflection for the mode of interest, and suppressing the
energy leakage into the high index substrate. Based on the way they quasi-guide light,
these structures are called the anti-resonant reflecting optical waveguides (ARROWs).
The thicknesses of the cladding layers are designed such that the corresponding layers
lay in the anti-resonant condition for a transverse wavenumber as follows.

2k, d; =27 (M + %) (1.4)

where k ;and d; denote the transverse wavenumber and the thickness of cladding

layer i, while M=0,1,2,... denotes the order of the anti-resonance. It is clear that in the
design, this anti-resonant condition is associated with one mode (usually the
fundamental TE mode) of interest only through the transverse wavenumber. For other
higher order modes, these cladding layers are expected to operate not in the anti-
resonant condition, hence exhibiting low reflection and consequently, high
confinement loss. However, some higher order modes may still operate in the anti-
resonant condition in one of the layers but might be not in the other one; hence, their
overall anti-resonant condition is not optimal, leading to higher loss than the
fundamental mode. Therefore, there is loss discrimination between modes, which
allows the ARROW to be regarded as effectively single-moded if the difference of
losses between the mode of interest and the higher order modes are large enough.

ARROWS have been widely used for various applications including sensors
[17], splitters [18], spot-size converters [19], etc. Analytical approximate formulae for
calculating the thickness of the anti-resonant layers and the losses of the fundamental
mode [11, 20] are available and have been widely used. Besides, rigorous techniques to
model ARROW are also available in the literature [21-22]. In this thesis, we will treat
ARROWs as leaky structures, and use the developed numerical method to model and
study them rigorously, including the anti-crossing phenomenon observed in their
dispersion curves. Surprisingly, the concept of ARROWS, which is relatively simple,
can be used to understand part of phenomena appears in the photonic bandgap fibers
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[23]. In addition to solid core ARROWS, recently hollow-core ARROWSs have also
been proposed. These structures will be introduced in section 1.3.2.

1.3.1.3. High-index-core photonic crystal fibers

Photonic crystal fibers (PCFs) are fibers with a cladding composed of microstructural
inclusions running parallel with the propagation axis. In general, the microstructural
features are voids (air holes), but in principle, either solid [24] or liquid [25]
microstructural features can also be realized. Fig. 1.3 illustrates some possible PCF
structures. Since the idea originated from the use of 2-D photonic crystal to confine
light within the core [2], they are popularly referred to as photonic crystal fibers.
Unfortunately, later on the community realized, that not all of them work on the basis
of the photonic band-gap principles. However, since the name was already widely
used, people still keep the same name and add new names to distinguish specific
classes of these fibers. Several alternate names have also been given by different
research groups to these fibers; e.g. holey fibers, microstructured optical fibers, or
crystal fibers. Despite of the existence of these diversity of names, in this thesis we will
use the term high-index-core PCF to denote the fiber working on the basis of the leaky
defect resonance” principles (Fig. 1.3.a-c) and photonic bandgap fiber (PBF) to denote
the one based on the photonic bandgap principles (Fig. 1.3.d-f). One specific type of
the PBF, which uses coaxial Bragg reflectors in the cladding will be called as Bragg
fiber (Fig. 1.3.f). Meanwhile, the term PCF will be used as a universal name to denote
all of them. We chose to use these terms as they are widely used by the community [3-
5]. In general, high-index-core PCFs have a solid core, and PBFs have a hollow-core;
but in principle, it is also possible to make a PBF with solid core or a leaky-defect-
resonance PCF with a non-solid core.

Since the fabrication of the first PCF was demonstrated [2], they have
attracted many scientific and commercial interest. Since they allow the use of only a
single solid material, they relieve the engineer from the restriction caused by
thermal/mechanical incompatibility of different solid materials. However, they allow a
new way to engineer the fiber through their geometrical parameters; where the size,
shape, orientation, position, and arrangement of the microstructural features are
manipulated to tailor their properties. This way of engineering apparently offers more
degrees of freedom to the designer. Many new properties unattainable through ordinary
fibers can be obtained by this class of fibers. These include fibers with single-mode
property over a wide wavelength range [26] while still offering a large mode field

2Although they are widely used in the literature, in this thesis we will avoid to use the terms modified total
internal reflection or index-guiding to denote this quasi-guiding mechanism, as these terms lead to the notion
of lossless guided modes. Instead, we will call this mechanism a defect resonance, which will be discussed in
more detail in the next page.
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diameter [27], zero-dispersion wavelength down to the visible wavelength [28], ultra-
flat and ultra-low dispersion [29] or highly negative-dispersion [30] at long-wavelength
telecommunication window, fibers with relatively high [31] or low [27] non-linearity,
fibers with high birefringence but low temperature-sensitivity [32], etc.
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Figure 1.3. Examples of cross-section of photonic crystal fibers with (a). high-index
core with circular, (b). elliptical, and (c). annular-sector-shaped holes in
the cladding; the photonic bandgap fibers with (d). circular and
interstitial, (e). annular-sector-shaped holes in the cladding, and (f). the
Bragg fiber.

The simple model that is widely used to explain the light “guiding”
mechanism in the high-index-core PCF is the so-called modified total internal
reflection or the index-guiding model [3-5]. In this model, the presence of holes will
lower the effective refractive index of the holey cladding, hence leads to an equivalent
structure with a high-index core surrounded by a low-index cladding, which will guide
light losslessly in a similar way as the ordinary fiber. However, the practical PCFs
usually have limited size of holey cladding section, surrounded by a large section of
uniform high-index outer cladding. Apparently, this situation will lead to a leaky
structure. Therefore, in this thesis we will prevent to use the term modified total
internal reflection or index-guiding, since they will lead to the notion of lossless guided
modes. Instead, we will refer their quasi-guiding mechanism to the resonance
mechanism. Within this picture, we can consider the holey section of the cladding
together with the core as a kind of defect in the background of a uniform high-index
outer cladding, hence can be simply considered as a resonance center, within which the
light will be quasi-trapped. Therefore, we can simply call this quasi-guiding
mechanism as a defect resonance, which is basically the same principle as the one that
governs the truly guided-wave structures. In the PCF, since there is no TIR (which
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would need a lower cladding than core index) and no perfect photonic bandgap (which
would need a periodic structure extending to infinity) to prevent the leakage of light
from the resonant center, we will also observe the presence of leakage or confinement
loss. This quasi-guiding mechanism can be applied to understand both the high-index-
core PCF and the PBF. In the light of this notion, it is very intuitive to understand the
existence of the ordinary-fiber-like core modes, cladding- and core-cladding modes
[33], and also the so-called surface modes [34] in the PBF. In this thesis the PCFs,
regardless of either they utilized the bandgap effect or not, are handled as leaky-wave
structures, and solved rigorously by the leaky-mode solver developed in the framework
of this project. Hence, both the dispersion and confinement loss properties can be
investigated.

1.3.2. Hollow-core waveguides

During recent years, the interest in (quasi-)guiding light in hollow-core structures is
growing. Initially, their development was driven by the fact that glasses (or other solid
materials suitable for making the fiber) available at that moment, are not transparent in
some wavelength range, especially in the UV and mid/far IR regions. Besides, the
emergence of high power lasers for industrial and medical applications requires a
waveguide with a high damage threshold for power delivery applications. These
requirements lead to the development of the hollow fiber [35-36], which is a fiber with
a hollow core and reflective coating(s) at the inner wall. Thereafter, along with the
development of the concept of guiding light with the photonic bandgap cladding [37],
hollow-core fibers with more complicated cladding structures are developed [38-39].
Recently, similar concepts were also proposed for integrated optics by utilizing the
ARROW and photonic-bandgap principles [13, 40-41]. Nowadays, the potential
applications of hollow-core waveguides are not limited on exploiting the high-damage
threshold of the hollow waveguides only, but also on the high linearity, low loss, and
low dispersion of air. Besides, the possibility to fill the hole with gas, liquid, or even
particles opens up new applications in the field of light-matter interactions.

1.3.2.1. Hollow-core photonic bandgap fibers

Basically, there are 2 groups of hollow-core fibers that utilize the photonic bandgap
concept, which are the Bragg fibers and the holey-cladding PBFs. The Bragg fibers are
as shown in Fig. 1.3.f. They incorporate 1-D periodic concentric layers of alternating
high and low refractive indices which form a Bragg reflector as cladding [37]. For
wavelengths located within the bandgap of this 1-D photonic crystal, modes within the
core can’t pass through the cladding, and hence are being trapped within the low-index
core, which can be just a hollow core. A special type of Bragg fiber that uses an omni-
directional reflector as cladding is known as the omni-guide fiber [42]. Besides having
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the ability to guide light within the air core, the Bragg fibers are interesting since they
exhibit lowest loss for TEy; mode [43], which is not the fundamental mode of the fiber.
This property, which arises from the fact that TE reflection is higher than TM in thin
film optics, makes this kind of fiber particularly interesting since the TE (and also TM)
modes in fibers are non-degenerate modes. By exploiting the Brewster angle
phenomenon, it is possible to design fibers, which are not only single-mode, but also
single-(non-degenerate-)polarization, hence suitable to overcome the polarization mode
dispersion (PMD) issues in high-speed fiber optic communications.

The holey-cladding PBFs are fibers with a cladding composed of transverse
periodic structure in such a way that modes located within the bandgap of this 2-D
photonic crystal can’t pass through, hence will be trapped within the core (as the
defect), which can be just an air core. Fig. 1.3.d-f depicts some examples of these
fibers. The first hollow-core guidance by the 2-D photonic bandgap effect was
demonstrated by Cregan et al. [38]. After that, various cladding structures have been
proposed. Those, which exhibit promising results, are mostly with air holes of non-
circular shapes in order to achieve the high air-filling fraction which is required to open
a wide bandgap [44] in one hand and less surface modes in the other hand. Recently, an
air core PBF with air holes in the cladding arranged in a circular arrangement has been
demonstrated [45]. This fiber can be viewed as a marriage between the holey cladding
PBF and the Bragg fiber.

As most part of the light is concentrated within the hollow core, the effect of
the material loss in these structures is small. Hence, these fibers are expected to be able
to surpass the lowest-loss limit of the ordinary fiber [3]. However, it is not easy to
achieve low structural loss, which is mainly dominated by the scattering due to the
fabrication imperfection and the existence of the highly leaky surface modes, which
anti-cross with the core modes [46] and introduce extra loss for some wavelength
regions, even in the bandgap. Meanwhile, various interesting applications have been
demonstrated for these types of fibers, e.g. guiding particles through the air core [47],
gas absorption spectroscopy [48], high power [49] and short pulses [50] delivery, gas
nonlinear optics [51], etc.

In their practical forms, these fibers have a limited size of the periodic
cladding structures. Most of them incorporate a large portion of uniform high index
outer cladding in order to get good mechanical strength and size compatibility with the
ordinary fiber. Hence, these fibers can also be considered as leaky structures. In this
thesis, we will apply the leaky mode solver to study one of hollow-core fibers.
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1.3.2.2. Hollow-core integrated optical waveguides

Although quasi-guiding light in low-index core has been employed in integrated optics
since a long time ago (see section 1.3.1.1 and 1.3.1.2), the use of hollow core for
integrated optics is still in its infancy at this moment. Some possible cross-sections for
such structures are illustrated in Fig. 1.4. In general, these structures consist of a
hollow core with reflective layer(s) at the inner wall. The reflective coating itself can
be simply a metallic coating, or can also consist of dielectric layers, which are designed
to give high reflection for the mode of interest (usually the fundamental mode), such
that the power of this mode is trapped within the core. To get the expected high
reflection, the ARROW principles and the omni-directional Bragg reflectors are used
to design the layers.

In 2001, Miura et al., demonstrated a hollow-core waveguiding in a metal
coated groove made on a GaAs wafer [52]. Later on, the same group also demonstrated
a hollow-core slab waveguide with other optical component(s) such as grating
integrated on it [53]. Recently, more and more efforts have been put into air core
channel integrated optical structures. Yin et al. employed a sacrificial layer to
demonstrate hollow-core light guidance on a Si wafer as in Fig. 1.4.c. [13].
Campopiano et al. combined a large hollow-core waveguide with a microfluidic
system to construct a liquid refractometric sensor [40].

upper substrate reflective layers
|
uppersubstrate
air
1
upper cladding
reflective / . . J L
air core
layers \‘ arcore reflective .
layers air core
low er substrate = substrate
reflective layers lower substrate

@ (0) ©

Figure 1.4. Examples of cross-section of hollow-core integrated optical waveguides:
(a). slab hollow-core waveguide, (b). channel hollow-core waveguide
made by wafer bonding, and (c). by the employment of a sacrificial layer.
The reflective layer(s) can be metallic or dielectric layers that apply anti-
resonant or omni-directional reflection principles.

Up to now, there are mainly 2 fabrication methods being used to realize these
structures, i.e. the wafer bonding techniques and the use of a sacrificial layer. Due to
the limitation of the fabrication technologies, the realized structures are usually not as
complicated as the PBF. In general, the devices realized by some authors [13, 40]
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exhibit rather high confinement loss and are hence usable for simple functionality only.
However, once the advancement of the fabrication technologies enables the realization
of more complicated structures, and low loss structures can be realized, we believe that
this kind of structures would be very interesting, as they allow the integration of
various functionalities into a compact chip.

1.4. Outline of the thesis

The organization of this thesis is illustrated schematically in Fig. 1.5. Chapter 1 and 2
are not shown in the diagram due to their introductory character. Chapter 1 gives a
general perspective on the work and introduces the concept of quasi-guiding light in
leaky structures being analyzed in substantial parts of this thesis. Chapter 2 introduces
the basics of modal-based modeling of optical waveguides. The diagram clearly shows
that this thesis starts with a study of planar problems and ends with focusing on
structures with a 2-D cross-section. All considered structures are composed of either
isotropic or anisotropic materials with diagonal permittivity tensor. In Chapter 3 and 4,
we consider only guided-mode problems, while starting from Chapter 5, leaky-mode
problems will also be considered. Within all schemes, special attention has been paid
to the boundary conditions.

Chapter 3 describes a FDM scheme that takes into account both the smooth
index gradient and the sharp index discontinuity in planar structures, hence it is
suitable for the analysis of anisotropic planar waveguides with complicated refractive
index profiles, like titanium-indiffused proton-exchange (TIPE) LiNbO; waveguides
[54].

In Chapter 4, we describe a variational FEM scheme with TBCs on the basis
of decaying basis functions adopted from the WKB method for the exterior domain,
hence it is able to handle structures with graded-index inhomogeneous exterior domain.
For a homogeneous exterior domain, it will give the same result as infinite elements by
using the exact decaying basis functions for the exterior domain. Within the interior, by
using Richardson-like extrapolation, the scheme was extended into a high-order
scheme. We also combine the scheme with a semivectorial effective index method
(EIM) and analyze indiffused channel waveguides made by using uniaxial crystals.

In Chapter 5, we introduce a high-order Galerkin FEM scheme that can
handle both guided and leaky modes. Using this method, we also study an anti-
resonant reflecting optical waveguide (ARROW).



Introduction

Cross-

section p Structures Method Keywords Chapter
n?(x)
/ / \ arbitrary index
profiles
F D M anisotropic 3
TBC
arbitrary index
/ FEM \ profiles
. . WKB-based TBC
1-D variational 4
e - anisotropic
. high-order  scheme
s s Galerkin
- - Sonmmrerfeld-like TBC
n(x)
it \. / quided nodes
. leaky mod
( Perturbation ) =¥ ™ 6
X X
> n SV-EIM graded index 4
+
W n anisotropic
1-D FEM
full vector 7
arbitrary cross-
— — section shape
anisotropic
OOOOOOOOOOO i
SO00000 BGT-like TBC
00000000 )
2_D QOO0 0000 guided rodes
OOOOOOOOOOOOOOO 8
000000 ; leaky modes
00000 Galerkin
SV-EIM 9
\ + leaky nodes
1-D FEM

Figure 1.5. Outline of the thesis: a diagram that shows the topics and related
structures being considered within the chapters.

Chapter 6 demonstrates the application of FEM scheme developed in Chapter
5 to rigorously study the leaky buffered waveguide. Additionally, approximate
analytical expressions are derived using perturbation method and used to give some
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insights about interesting phenomena regarding on the effect of buffer layer, refractive
index of the high-index substrate/cladding, and degree of mode confinement to both
the propagation constant and confinement loss.

Chapter 7 reports the formulation of a Galerkin FEM scheme furnished with
TBCs that can calculate both guided and leaky modes of anisotropic structures with
2-D cross-section. The applications of the scheme to calculate modes of fiber and
integrated optical waveguides will also be demonstrated. Chapter 8 deals with the
application of the scheme for rigorous modeling of the photonic crystal fibers.

Chapter 9 reports the strategy of considering cladding anti-resonant bilayer
material composition to pursue low-loss hollow-core integrated optical waveguides.
The one dimensional Galerkin FEM leaky mode solver discussed in Chapter 5,
together with a semivectorial EIM is used in the optimization of the bilayer
thicknesses, while the vectorial FEM leaky mode solver discussed in Chapter 7 is used
to verify the results.

This thesis ends with Summary and Outlook. Discussion on topics, which
might be interested only for limited number of reader, are put in the appendixes.
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Chapter 2

Introduction to the modal analysis of

optical waveguides

An introduction to the modal-based modeling of optical waveguides will
be presented. Starting with Maxwell’s equation, the governing equations
will be introduced for vectorial, semivectorial, and scalar approaches.

Then, a brief introduction to the finite difference, finite element, and
effective index mode solver will be presented.
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Introduction to the modal analysis of optical waveguides

This chapter is prepared as a brief introduction for reader who is not familiar with
modal analysis of optical waveguides. It outlines the basic principles of the numerical
methods for modal analysis, which will be treated in more details in the following
chapters.

(a) (b) Z}' (©
n

bilayers Mo @
/nl/nz
1
(h)

(O]

Figure 2.1. Examples of various longitudinally-invariant optical waveguides:
integrated-optic-based (a-f) and fiber-based (g-j). (a). Planar, (b).
surface channel, (c). embedded channel, (d). rib anti-resonant
waveguide, (e). & (f). hollow-core integrated optical waveguides, (g). &
(h). solid-core photonic crystal fibers, (i). hollow-core photonic bandgap,
fiber, and (j). hole-assisted multiving fiber. Typically: ny=1I,
n;>n>n3>n>ns> 1.

Many numerical techniques have been employed to analyze photonic devices
[1]. For general structures with an inhomogeneous refractive index distribution in 2
(and sometimes 3) dimensional directions including the light propagation direction,
modeling techniques like beam propagation method (BPM) [2], finite difference time
domain (FDTD) [3], finite element method [4], bi- and quadri-directional eigenmode
propagation method (BEP/QUEP) [5-6], and method of lines (MoL) [7] are widely
used. Some of them, like BEP/QUEP and MoL use the modal solutions of
longitudinally invariant structures, in one order lower in dimensionality, as the basis
for solving the longitudinally variant structure. Besides, perturbative analytical
methods also often use modal solutions of simplified structures as the basis for
approximating the solution of more complicated structure. Therefore, the most
fundamental information required in designing photonic devices, is the information on
the modes that can propagate along a given longitudinally invariant structure. Some
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examples of such structures are given in Fig. 2.1. This information includes the
propagation constants and the shape of the modal fields. Based on that, additional
information can be derived, e.g. overlap integrals (if the waveguide is excited with a
given input field), coupling coefficients (for coupled structures), dispersion (a measure
on how pulses will broaden as they travel in the waveguide), losses, etc. Hence,
accurate and efficient calculation of modal solutions of longitudinally invariant
structures is indispensable for many modeling activities. Mode solvers are tools being
used to address the computation of modes. There are many techniques being employed
for modal solving [8]. However, this chapter only introduces methods, which are used
within this thesis. Firstly, Maxwell’s equations are used to derive the governing
equations for the waveguiding problem. Then, the finite difference, finite element, and
effective index mode solvers will be introduced.

2.1. The governing equations

The analysis of optical waveguides starts with Maxwell’s equations. By assuming, that
the device is composed of source-free materials, these are given by

VxH =20,E (2.1)
VxE=-0B=—5,H (2.2)
V-D=V-£E=0 (2.3)
V-B=V-ziH =0 (2.4)

with H and E denoting the magnetic and electric field vectors, respectively;

r

while Z = g2z, and & =¢,2, the magnetic permeability and dielectric permittivity
. 0 . .
tensor, respectively, and 0, Ea_' For non-magnetic materials, most commonly used
n

in integrated and fiber optical waveguides, z, is just an identity matrix, hence z can
be considered as a scalar constant g, . Within this thesis, we will consider only this

class of materials. The relative dielectric permittivity tensor is related to the refractive
indices of the materials. In a Cartesian coordinate system, for an anisotropic but non-

magnetic material, £ can be expressed as

2 2 2
N Xy Xz
= _ 2 2 2
R (25)
2 2 2
n n n

which is normally a function of the spatial coordinates. If the axes of the waveguide
coordinate system coincide with the principal axes of the material, all off-diagonal
entries in eg. (2.5) will be 0, leading to a so-called anisotropic material with a diagonal
permittivity tensor, a material which will be considered within most parts of this thesis.
For isotropic materials, where the diagonal elements have the same value, &, is just a

scalar, n”. If the material has optical non-linearity, this quantity is also a function of the
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electric field itself. For lossless materials, this quantity is real, while for lossy
materials, it has a complex value.

By using Maxwell’s equations (2.1)-(2.4) for the time harmonic case (with
exp[j«r] time dependence), we will get

VxVxE =klgE (2.6a)
or

VE+kEE=V(V-E) (2.6b)
and

VxE'VxH=kH (2.7

which are the full vectorial wave-equations for general waveguiding problems, where

k, =2 =2~ denotes the free space wave-number, with A the free space wavelength.

For structures composed of isotropic materials, these equations can be simplified to

- - - Vn?
V2E+k§n2E:—V[E- = j (2.8)

and

_ _ Vn?
V2H +kn’H = ——
n

The right hand terms will make these equations to be coupled partial differential
equations (p.d.e.), meaning that all components of the (vectorial) fields depend on the
others.

x(vXﬁ) (2.9)

For longitudinally invariant structures, i.e. structures for which the refractive
index is only a function of the transverse coordinates x and y, one may look for modal
field solutions of forward propagating modes in the form of

E(x,v,z,t) = E (x, y)e e/ (2.10a)
and
H(x,y,z,t)=H, (x,y)e "™ (2.10b)

where the z-dependence of the field is defined by the propagation constant f§ =k n
The quantity e is called the effective refractive index or modal index, or simply the
effective index. For lossy and leaky waveguides, where attenuation exists due to the
material being employed and the nature of the structure, respectively, the propagation
constant becomes complex, whereby its imaginary part is a measure for the loss and
the real part for the phase velocity. Substituting ansatz (2.10) into (2.8) and (2.9),
results in the vectorial wave equations for waveguides with 2-D cross sectional
geometry as follows

2

2
V’E, +kn’E, - B°E, = -V, (E Y. j (2.11a)
n

and
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(a *)(0.H,-0,H.,)

~(0m

with v?=o,+0,. v,=[0,.0,]. E=[E.E]. H=[H,
2

0,, = 68 > . For a structure with a very small index gradient in one direction (say, the y
n

V?H, +kn’H, - f°H, = (2.11b)

)(0,H,-8,H,)

direction), e.g. a channel waveguide with very low lateral index contrast (Fig. 2.1.b
with n; =~ n,) the gradient of the refractive index for that direction can sometimes be
neglected, which leads to a semivectorial wave equation for respective structure as
follows

1
d, [n_zéx (n°E, )} +0,E +kn’E, ~ p°E, =0 (2.12a)
for quasi-TM modes, and
0,H,+0 H +kin’H —p°H =0 (2.12b)
for quasi-TE modes. Another semivectorial formulation can also be obtained by
assuming that the electric field propagating in the waveguide is linearly polarized and
parallel to only one of the transverse coordinate [9], which will give the same equation
as (2.12a) for quasi-TM modes and

1
0.E,+0, [n—zay (n’E, )} +kn’E, ~ fPE, =0 (2.12¢)

for quasi-TE modes. The latter semivectorial approach can also be applied to the H-
field, which leads to

1 1 2 Vi
0,|=0.H, |+=0, H, +ksH ——H, =0 (2.12d)
n n : n
for quasi-TM modes, and
izanHﬁa [ 0,H. }k H. —ﬁ—H =0 (2.12¢)
n~ n? n?

for quasi-TE modes. It is obvious from these expressions, that the semivectorial wave
equation is not a coupled p.d.e. anymore, hence it can easier be solved. For structures
with very small index contrast in both transverse directions, the whole gradient of the
refractive index term can sometimes be neglected, leading to a scalar wave equation as
follows

0.p+0,p+ kinp—pp=0 (2.13)

where ¢ represents any one of E,, E,, E., H,, H,, or H..

For planar structures (Fig. 2.1.a), since the refractive index is only a function
of x, the components of the vectorial wave equations become uncoupled if it is
assumed that there is no y-dependence of the field solutions, hence the wave equations
can be expressed in a scalar form as
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d.E, + kOZnZEy - ,BZE}, =0 (2.14)

for TE-modes, and

d. (ideHy] + ijy - p° izHy =0 (2.15)
n n d2

for TM-modes, with d_ Ei and d,, =—.
’ x dx

2.2. Introduction to methods for modal analysis

In mode-solving analysis, the values of g or ng and the corresponding electric or
magnetic fields are to be determined by solving the governing wave-equation, which is
practically an eigenvalue problem. One way to solve it numerically, is by translating
the p.d.e./o.d.e. into a system of algebraic equations through discretizations, hence the
problem becomes a matrix eigenvalue problem with 47 or e 2 as the eigenvalue and
the corresponding modal field as the eigenvector. The numerical methods developed
within this work are based on this approach. In this subsection, we will briefly
introduce these numerical methods, i.e. finite difference method (FDM) and finite
element method (FEM), which will be used in other chapters of this thesis. For
simplicity, we will initially consider structures with 1-D cross-section to illustrate the
methods. Later on, we will also briefly show the extension into 2-D cross sectional
problem by using the FEM and the effective index method. Methods, which are not
employed within this thesis, and methods which are already well-known (like the
transfer matrix method) will not be treated in this section.

2.2.1. Finite difference method

The FDM is based on approximating the differential operator acting on the
field function within the governing p.d.e or o.d.e. by the difference operator acting on
the value of that field function at a finite number of points known as nodal or grid
points. The process involves restricting the area of interest into a finite-sized domain,
referred to as the computational domain, subdividing the computational domain into
many nodes, expressing the field value (and their derivatives) at each node as an
expansion of the field values (and their derivatives) at other nodes, and derives the
difference operators from there. This discretization is illustrated in Fig. 2.2 for a simple
waveguiding problem.

Suppose the field function ¢(x) is as shown in Fig. 2.2.a. Defining the
computational domain Q and discretizing it will lead to Fig. 2.2.b. If the field and its
derivatives are assumed to be continuous, it is possible to use Taylor’s expansion to
express field at particular grid points j-1 and j+1 as an expansion of the field (and their
derivatives) at their neighbor grid point ; as follows.
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Ax? Ax® Ax*

¢)jfl = ¢)j —A)C dx¢)j + dxx¢)j - dxxij + dxx,\:r¢j + . (216)
2! 3! 41
2 Ax3 4

Q=0 +Ax dxgoj +—2! dn,(pj +—3! dm(p/. +—4! dmx(ﬂ,- +... (2.17)

where @, = ¢(x; ). From eq. (2.16) and (2.17) we obtain

dg, = —w"”z;f’*l +0(Ax%) (2.18)
=20+,
d.g, :%—WJFO(A’CZ) (2.19)

Hence, d,¢,, the first derivative operator acting on the (continuous) field at grid point

D1 =P

j can be approximated by a difference operator c?xgo/. = A

. Similarly, d o,

D1~ 2(pj + Pia
2

can be approximated by d,.¢, = - The term O(Ax?) in egs. (2.18) and

(2.19) indicates that there is an error induced by the truncation of the series expansion,
which depends quadratically on the discretization size or mesh size Ax . By reducing
the mesh size, we will reduce this error and hence get a higher accuracy. It is also
possible to use more terms in the Taylor’s expansion and take more grid points in the
neighborhood of the node to obtain a higher order scheme, which also leads to higher
accuracy for the same mesh size. It may be clear, that the expansions (2.16) and (2.17)
could only be carried out if the field and its derivatives which taken into account are
continuous in the neighborhood of those grid points. At refractive index
discontinuities, this condition does not hold anymore; hence, corrections should be
made onto the finite difference (FD) formulae at grid points in the neighborhood of the
interfaces. It is also clear that modification to the FD formulae are also needed to be
carried out for the grid points located at the computational boundaries as the field
value(s) in one (or more) neighboring grid point(s) is (are) not defined.

computational ~¢___COMP: domain ) s, computational

boundary boundary
n structure structure
R 1 geometry el geometry
 refractive i ; discretized refractive
" n " index profile ni i Ui index profile n(x,)
—— 2 .-- n) e el =12,.N
A Jj=1.2,..
>
Ve
field function ,’ "-‘ discretized field
o(x) ; \ function ¢(x))
_—— _— .L_4r". “‘1».,. _____ j=12,..N
nodal points 1 2 eeereeeeeeeeeees N
X X
@ (b)

Figure 2.2. [llustration on the discretization in FDM.
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Applying the FD approximation onto the modal field equation [e.g. eq. (2.14)]
discussed in the previous section, leads to a matrix eigenvalue equation
(A= 5°1){p} =0 where I is the identity matrix, {¢} is a column vector representing

the fields at the grid points, while A is a matrix coming out from the difference
equation and the discretization of the second term in eq. (2.14). Since one grid point is
only related to its two neighbors for the 2"-order FD formula for the 1-D problem, the
matrix A will be a sparse tridiagonal matrix. For the 2-D problem, if a regular
rectangular mesh is used, the matrix A can be as simple as a matrix with non-zero
entries at only five diagonals, if a simple 5-point stencil is employed. Hence, the
advantages of FDM are its relatively simple formulation and nice matrix structure,
which can be solved easily. However, the necessity to incorporate interface corrections
makes it rather intricate for higher order extension. The use of a regular rectangular
mesh is somehow inconvenient for 2-D structures with a complicated cross-sectional
geometry. A semi-irregular triangular mesh [10] has also been proposed for FDM, but
at the expense of loosing its ease of formulation and nice matrix structure. A highly
accurate FDM scheme [11] has also been proposed, but its formulation involves the
computation of analytic Bessel function, and such accuracy is attained only for step-
index waveguides with no more than horizontal and vertical interfaces, which fit well
to the rectangular mesh. However, since the FDM is generally cheaper than FEM, it is
still an interesting choice for large problems.

2.2.2. Finite element method

The FEM is based on approximating the function, which is the exact solution
of the governing p.d.e./o.d.e. by an approximate function, which is obtained through an
equivalent functional in a discretized domain. In the variational (Rayleigh-Ritz) FEM,
the solution is approximated by the extremum function of a functional. The Euler-
Lagrange equation (i.e. a differential equation derived from the stationary condition
oF=0) of that functional (F) corresponds to the governing p.d.e./o.d.e. For example, for
modal field equation (2.14), the corresponding functional is

F:% i [—(dxq)f +(ken? - ﬁ2)¢2]dx+b.t. (2.20)

where b.¢. denotes the boundary term, and ¢ has been used to replace E, for simplicity.
The function is then approximated by interpolation in terms of the basis functions
(normally polynomials) within each discretized subdomain, which is also known as the
element.

For example, as illustrated in Fig. 2.3., using the first order polynomial
(linear) basis functions
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X
N, :1_E (2.21.3)
and
X
N, :E (2.21.b)

where x is the local coordinate within the corresponding element, the subscript is the
local node number, and Ax is the mesh size, the approximation within each element is

0.(x)~.(x)= 2L N,.0, (2.22)

where the subscript e has been added to denote the element number e. The basis
functions N; and N, are also known as the shape functions. Note that the interpolation
coefficients or the unknown parameters ¢;. are the values of the field at the
corresponding nodal points. By plugging in the approximation (2.22) into (2.20) for the
discretized domain, composed of a finite number of elements, we will get an
approximate discretized functional £, for which the extremum function can be found

by

oF | OF } =[0,..,0] (2.23)

VE = [— Vo
op, 0Py
where the subscripts denote global node number. Equation (2.23) produces a matrix

generalized eigenvalue equation of the form

(A-pB){p}=0 (2.24)
with the eigenvalue corresponding to the propagation constant of the modes and the
eigenvector {go} , & column vector representing the discretized extremum function of
the discretized functional as the approximation to the modal field function of the

corresponding mode at the nodal points. Approximate modal field value at every point
within the computational domain can then be obtained through the interpolation (2.22).

approximate function exact function ¢ x X
g N,=1-—  N,=—
¢= z N.o, Ax Ax
=1 1 1
2l b ) 20,
Nw 7L
Local ¢ Local
node i 2 node i 2
number | element number element
Ax Ax
- > -t >
(a) (b)

Figure 2.3. [llustration on (a). approximating the exact function with interpolation in
terms of (b). shape functions in FEM. Linear shape functions are
employed in this illustration. For notational simplicity, local coordinate
and node number have been used.
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Another finite element approach is the Galerkin FEM, which is based on the
weighted residual method. In this method, the solution is obtained by seeking for
approximate function that produces the least weighted residual of the p.d.e./o.d.e. over
the whole domain Q as follows.

R= jw(@ga—@go)dg =0 (2.25)

where R, w, ®, ¢, and ¢ denoting the weighted residual, the weight function, the

operator of the governing p.d.e./o.d.e., the exact field function, and the approximate
field function, respectively. For the modal field equation (2.14) this weighted residual
can be written as

[w(d.p+kgnp— B¢ =0 (2.26.3)
Q

which can further be written in a weak form as
0Q2

'[[—(dxw)(dx([)) +kin*wi — Bowi Jdx +wd ).
Q

~0 (2.26.b)

o001

where, again the approximate electric field function Ey has been replaced by ¢ for

notational simplicity. In this equation 6Q denotes the computational boundary. In
Galerkin FEM, which is a variant of the weighted residual method, within each
element, the exact function is approximated by interpolation in terms of the shape
functions as in eq. (2.22), while the basis functions have been taken as the weight
function. Plugging these into the weak formulation leads to a matrix generalized
eigenvalue equation as in (2.24). For the same problem, Galerkin FEM will lead to the
same matrices as the variational FEM. However, the Galerkin FEM can handle
problems with non-self-adjoint operators, for which the variational formulation is not
applicable, since it is not possible to construct corresponding functional for such
problems.

It can be shown, that the error induced by the approximation in FEM depends
on the size of the mesh and the order of the polynomial basis functions. Finer mesh or
higher order basis functions will produce a smaller error.

For waveguides with 2-D cross-sectional geometry, meshes with 2-D
elements have to be employed. Among others, the most common one is the
unstructured triangular element, where elements in the shape of triangles of different
sizes and orientations are arranged to fit the structure as in Fig. 2.4.a. As has been
discussed in section 2.1, for these kinds of waveguides, the governing wave-equations
are in general coupled p.d.e., which can be reduced to the uncoupled semivectorial or
scalar equations only for very special cases. To deal with this, we can use basis
functions, which are already vectorial basis functions in the so-called edge-element
approach [12], or use the vectorial unknown parameters with still scalar polynomial
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basis functions in the so-called nodal-based element. For simplicity reason, we have
chosen the latter approach. For a formulation based on the transverse components of
the magnetic field (Hy and Hy), using the second order polynomial (quadratic) basis
functions, as will be done within this thesis, the discretization and basis functions are
illustrated in Fig. 2.4. In this figure, L, .p denotes the linear basis function m for n
dimensional element, while N, .p denotes the quadratic basis function m for n
dimensional element, with m denoting the local node number. Using this element, we
need 6 nodal points for each triangular element and a vectorial unknown consists of 2
vector elements for each nodal point. Since the formulation uses magnetic fields, we
can take advantage from the continuity of the magnetic field at interfaces between non-
magnetic materials, hence we only require basis functions that preserve the continuity
of the function at the nodal points. Nodal-based element with this requirement is called
Lagrange element. More advanced element like the isoparametric triangular element
with a mix of nodal and edge basis functions [13] also exists in the literature. This
element can be used for either H- or E-field formulation (hence more handy to tackle
structures with non-linear materials) and handle curved interfaces in a better way, but
in general it will lead to more unknowns, hence will produce a larger matrix size than
the ordinary triangular nodal-based element. However, this type of element is beyond
the scope of this thesis.

As explained earlier, the FEM can handle the vectorial wave-equation
transparently, hence it is suitable for a waveguiding structure with high index-contrast.
Besides, the elements can also easily fit to tilted and curved interfaces, leading to a
straightforward treatment of realistic geometry of material discontinuities and
transparent way to handle interface conditions. We can also apply finer meshes within
areas which need that (e.g. if the field changes rapidly or the microstructure gets finer)
in order to efficiently reduce the error. Hence, the FEM is very suitable for handling
structures with a complicated geometry. As will be shown in Chapter 7, by properly
handling the field at the computational boundaries, we can also deal with leaky modes.
These entire features suit the requirements for modeling of advanced structures which
quasi-guide light beyond the total internal reflection principles through the existence of
many micrometer scale features as discussed in section 1.2. However, in general FEM
is more expensive than FDM, as the irregular character of the mesh leads to the worse
matrix structure (but still sparse). Also, the FEM matrix usually has more entries than
FDM due to the larger number of neighboring elements induced by the mesh
unstructureness. Additionally, the eigenvalue equation resulting from FEM is the
generalized one. Nevertheless, the capability of FEM to handle complicated structures
compensates this expense.



32 Chapter 2

Triangular  element

' 3 .

: local node, ,g:

(] 6 5 (]

u 1]

1]

1]

: 1 4 2 ,e:

1% ‘ d .
7 7 [

H H(x,y), = Z Niop H,;, !

H i1 '
H N1,2[m = L1,2D (ZLLZD -1 N4,2D,L’ = 4L1,ZDL2,ZD :
VNoope =Loop(2Lop =1 Nypp, =4Ly5pL05, '
M 1]
:NS,ZD,(J = Laop (2L3.2[) -1) Neope = 41‘3.201‘1,20 18 :
(a) ] N '
H 12D 3 '
e ’
' l .
M S 2 []
vl 4 :
M 1]
M 1]
® :
N 1]
¢ 1]
M 1]
M 1]
M 1]
M 1]
M 1]
' 1]

.
© * 3
YT TR MR T oo meeee e SIIRIIIIIIIIIR2I23333I35355z32282320
N Nupe =Lip (2L1‘10 -1 '
: 1‘\\ Hy.l.e Hyze He,e. :
(] B (]
M s Hes =H .
X38 y.2e

: L e &G local .
: 0 AEI2 A& coordinate :
‘-. 1 3 2 local node ".

Figure 2.4. [llustration on (a). a discretization in a structure with 2-D cross-section,
which uses nodal-based (b). triangular element and (c). line element with
quadratic basis functions. All node numbers in the picture are the local
node numbers.

2.2.3. Effective index method

Structures with 2-D cross-section are governed by 2-D p.d.e with an index profile and
field solutions that are function of both transversal coordinates x and y. However,
solving this type of equation is not always easy. Effective index method (EIM) [14] is
an approximate way to deal with this equation by solving one-order lower dimensional
problems successively.
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Figure 2.5. [llustration of the semivectorial effective index method.

The wave-equations that can be handled by the EIM are the scalar and the
semivectorial wave-equations. Here, we will illustrate the use of the semivectorial
(SV-) EIM for solving semivectorial wave-equation (2.12a) for quasi-TM modes for a
rib structure as shown in Fig. 2.5. In order to be able to split eq. (2.12a) into two
equations of reduced dimensionality, we assume that the modal field can be expressed
in

E (xy)=X(xy)Y(y) (2.27a)
with

3,X~0 (2.27h)
Hence, eq. (2.12a) can be approximated by

1 1 1

}ax {?ax(nzx)} Zp? +7%Y— B2=0 (2.28)

For each constant y=y;, we will have an x-dependent substructure, for which we can
define constant 32 (y,)=kon?, . (,) which makes up the first-two terms in eq. (2.28)

as follows.

1 1

d d (n®(x,y.) X (x,y, kin®(x,v.)- B2 (y,)=0 2.29
X(x’yi) x|:n2(x7y,~) X(n (X yt) (x yl)):|+ On (X yl) ﬂx (yl) ( )
This equation can be further written as
2

d| —Zr—— : d.P(x,,)|+ ké—M P(x,,)=0 (2.30a)

7 () 7 (50

with
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P(x,y,)=n"(x,y,) X (x,5,) (2.30b)
Eq. (2.30a) has the same form of eq. (2.15). Besides, P also has the same interface

continuity conditions as H, for each x-dependent substructure. Hence eq. (2.30) can be
solved for each y=y, using a 1-D TM mode solver to get A7 (»). Then eqg. (2.28) can

be written as

d,y(y)+[ B (»)-5]r(»)=0 (2.31)
which has the form of eq. (2.14) with corresponding interface continuity conditions.
Hence, eq. (2.31) can be solved for a y-dependent equivalent structure using a 1-D TE
mode solver to get the final g.

We can also use the SV-EIM to solve eq. (2.12c) approximately for quasi-TE
modes, which results in solving the x-dependent substructures using 1-D TE mode
solver and then use their results to form a y-dependent equivalent structure, which will
be solved using a 1-D TM mode solver as illustrated in Fig. 2.5. However, the
mathematical picture of this sequence is not as transparent as the quasi-TM case.

Generally, the EIM has limited accuracy and can be applied only for specific
structure cross sections like rib waveguides and diffused surface channel waveguides,
for which assumption like eq. (2.27) can be made. However, for rectangular
waveguides, it has been reported that the EIM actually solves an equivalent structure
with some error in the corner segments [14]. Hence, for this kind of structures,
accuracy can be increased through perturbative correction and combination of 2
different substructuring sequences [15]. EIM for circular coordinate has also been
reported for scalar analysis of photonic crystal fibers with circularly distributed holes
[16], which is applicable only for cases with small air filling fraction. However, thanks
to its efficiency, EIM is a useful tool for quick observation of modes, which is a
frequent activity in designing photonic waveguide. Also, due to its ability to reduce
dimensionality, it is useful to study trends in complicated 3-D structures, for which
rigorous calculation is very expensive.
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Chapter 3

Finite difference scheme for
anisotropic planar waveguides with

arbitrary index profiles

A finite difference scheme with a uniform mesh for planar waveguides
with arbitrary refractive index profiles that takes full account of any
smooth index variation and index discontinuity is derived for TE and
TM-polarized waves. Discretizations that lead to a second-order error in
the effective indices are given for TE and TM polarizations. At the
computational boundaries, transparent boundary conditions are used.
The scheme was implemented for anisotropic waveguides with a diagonal
permittivity tensor and examined by using samples with wvarious
refractive index profiles, ranging from simple step- and graded-index up
to complicated refractive index profile structures composed of either
isotropic or anisotropic materials. For simple cases where the results of
other methods are available in the literature, the proposed scheme shows a
very good agreement.

This chapter is adapted from:

H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Finite difference scheme for planar waveguides with
arbitrary index profiles and its implementation for anisotropic waveguides with a diagonal permittivity
tensor,” Opt. Quantum Electron., VVol. 35, No. 4, pp. 407-427, 2003.
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Finite difference scheme for anisotropic planar

waveguides with arbitrary index profiles

3.1. Introduction

Some fabrication technologies of optical waveguides may lead to devices with
complicated refractive index profiles [1-3]. These profiles can be combinations of one
or more graded-index and uniform-index regions with index discontinuities at their
interfaces. Efficient and accurate computation techniques for structures with arbitrary
index profiles are thus important for the design and characterization of such devices.
Since an exact solution for structures with complicated index profiles is not always
available, numerical methods are indispensable.

The finite difference (FD) method is a popular tool for waveguide analysis. In
this method, accuracy is not only determined by the discretization scheme used in the
continuous index region, but also by the discretization at grid points around the index
discontinuities and computational boundaries [4]. Various schemes for improvement of
finite difference discretization at the vicinity of index discontinuities have been
proposed [5-10]. So far, all of these schemes consider only discontinuities of step-
index waveguides.
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nXX(x)A " 0 L) Np2() Ny p 1 (X)
XX,
nxx‘Z(X)
—~——~
X
n (x N (x Ny pa®) n,. (X
yy( )A nyys(x) N,y 4(X) WVS() S anD-Z(X i n,, (x)
Ny 1)/ |Ty2® [ N “u N
X
nZZ(X)A nzz’z(x) ( r{zz,p—3()()r'l 2(X I’]zzp-l )
n_.(x n,_,(x) iNzsX il '
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Figure 3.1. General arbitrary refractive index profiles.
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In this chapter, we propose a finite difference scheme that takes full account
of the gradient of the refractive indices in the vicinity of index discontinuities of
anisotropic media with diagonal permittivity tensor, hence suitable to analyze
structures of complicated arbitrary index profiles as depicted in Fig. 3.1. A uniform
mesh size has been incorporated and index discontinuities can be located anywhere
between two adjacent grid points.

This chapter is organized as follows. After a short description of the type of
structures for which the scheme is applicable in section 3.2, interface continuity
conditions that take full account of both the index continuity and discontinuity around
interfaces are presented in section 3.3. Based on these interface continuity conditions,
the discretization scheme is derived and completed with simple transparent boundary
condition. Finally, in section 3.4, results of calculation with the proposed scheme for
several samples are presented and compared with the results of other methods.

segment,
p-1
segment, ,
Xp_2
X X - M1
XZ
segment,
X1 @
segment, Xk- 1
Y Zy z
anisotropy waveguide
principal coordinate AX AX AX
axes system
@ (b)

Figure 3.2. (). The structure and its coordinate system, and (b). possible refractive
index profile at the vicinity of interface between two segments.

3.2. Backgrounds
3.2.1. Anisotropic waveguides with diagonal permittivity tensor
For anisotropic but non-magnetic planar waveguides, where the principal axes of the

anisotropy are parallel to the Cartesian coordinate system of the waveguide, as shown
in Fig. 3.2.a, the permittivity tensor can be expressed in a diagonal form as follows.

nf 0 0
F=g |0 ni 0 (3.1)
0 0 n

z

with & is the free space permittivity; and ny, ny, and n, are the refractive indices
associated with electric field polarized in direction parallel to the x, y, and z axes of the
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coordinate system, respectively. By taking the z-axis as the propagation direction and
assuming that the waveguide is composed of source-free and lossless material with
refractive index changes only in the x direction, it is possible to have uncoupled TE-
and TM-polarized waves with corresponding scalar Helmholtz’s equations

(dxx+k02n§y(x)_ﬂ2)Ey(X):0 (32)

and

{dxx+n;(x>[dx%jdx+k§n;(x>—ﬂ2w H,(x)=0 (3.3)
2 () nZ (x)

respectively.
3.2.2. Arbitrary refractive index profiles

A structure showing all the features that can be modeled in this work is as shown in
Fig. 3.1, where the discontinuities in the refractive indices determine the division into
several segments. Within each segment, the refractive indices and their derivatives up
to the second-order are assumed continuous. At interfaces between segments, there can
be a discontinuity of the refractive indices or their derivatives. For segment i located
between X, , and X, , either the relative permittivity or refractive index profiles can be
written with an arbitrary normalized function f or g, following the commonly used
notation, like

n2,(x)=ng, . +A, f,.(x) for X, <X<X (3.4)
or
n, (X)=ng,;+A,.9,;(x) for Xig < XX (3.5)

where A and A denote the constants that determine the increase of relative
permittivity and refractive index from their asymptotical value ny” and no, respectively:
while subscript 77 denotes the direction of polarization, which could be x, y, or z.

3.3. Description of the scheme

We will first derive the continuity conditions of the field and its derivatives at an
interface between two segments. Based on these conditions, the discretization scheme
will be derived.

3.3.1. Interface continuity conditions

We will use a uniform mesh with a step size Ax. It is assumed that the interface
between two adjacent segments is located between xy and x+; at £Ax away from x as

illustrated in Fig. 3.2.b. It is also assumed that there is no other interface between X, ;
and Xyso.
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By using Maxwell’s equations we can get relations between the field and its
derivatives up to the 3"-order derivatives at the left and right hand side of the interface.
Writing E, as ¢ with subscripts | and r denoting the left hand side (lhs) and right hand
side (rhs) of the interface, respectively; for TE polarization, where the field is parallel
to the interface, the results are

o =0, (3.6)
dp =do @.7)
dxx¢| xx(or + k (niyr ) (38&)
dquﬂr - quol + k (nyz/y, ) (38b)
0o =G, + K5 (02, =1, Y, +k3[ (A3, ) (03, o, (3.92)
6 = (1, 15, i +K(613),-(673) Jo osh

In the same way, we can get the interface conditions for TM polarization; with
@ denoting H, as follows.

o=, (3.10)
nZ
dp =—-d,o, (3.11a)
r.lzz,
nZ
d,p =—5-d (3.11b)
r]zz|
dxx(”l = Cldxxwr +C2dx(0r +Cz¢r (3123.)
duo, =Cd.e +6,d,0 +Cp (3.12b)
dxxxwl = C4dxxx(0r +Cdex(Dr +Csdx(0r +C7(Dr (3133.)
dxxx(pr = 64dxxx¢l +65dxx(pl +66dx<0| +67¢I (313b)
with
n2 n’
Cl = nzzzr nfxll (314&)
1 na (. 1) |n
C, = {nfx, ( X n_zzzjr _nfx, nzzz (dx n_zzzjl:| nix, (3.14b)
r.|2
Gy =ki (n3, —n )= (3.14¢)
n! n?
CA = nle nf)(: (314d)

Cs :{nzz| niq (dxnix) _nzz nxx (dxnfx )I

2nn2n2n ||d L d L N (3.14¢)
+ — | -|d, > .
e " r]zzz r " nzzz | n?z,n:x,
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22, XX

1)|n; 1) n
+2nd | d,— 2ld,— | ——=~| d
“ ( ” nzzz 1 |:nzzzr ( * nzzz l nf)q ( " 7 Jr:|
n4 n2 n4 nZ
- L;Xr (dxx nij —(dxx nij :|+k02 - [%_1 (3.141)
2z, XX 2 Jr 2z /| 2z, XXy

0" 'zz 2 N2 2 2 2 2
¢, = 2 4I|: nzz,”xx, (dxnxx)r_nzz,nxxr (dxnxx)l

2 2 2
nzz 1 r]zz 2 nxx 2
C,=——|d,— (d.n. ) ——=(d,n
6 nz ( xnz ) nz ( X xx)r nz ( X xx)l
1
n,

+2n;, Ny, N, (diz) (nz, -0, )} (3.149)
T | 1 nZZ | | r
Here and also later in egs. (3.21), (3.23), and (3.24), the hat (*) symbol denotes the

simultaneous interchange of £and 1-& and subscripts | and r.
3.3.2. Discretization in a continuous refractive index region

It is obvious from egs. (3.6)-(3.13) and also from the wave equations that within each
segment where the refractive indices and their derivatives up to second order are
continuous, the field and derivatives up to third order are also continuous for both TE
and TM polarization. Hence, the well-known central difference formula can be used to
discretize second- and first-order derivatives of the fields. For TE polarization the
discretized Helmholtz’s equation for a grid point i not adjacent to the interface
becomes

P20+ ¢+ kozAiniyi 9, — ks AX*nZ 0, =0 (3.15)

which will give second-order accuracy. For TM, it turns out to be
2

n2 n
Oy =20, + Q4+ - [dx niz] AX (¢)i+1 _¢)i—1)+k§AX2nzzz, b; _kgAXz n;Zi nesz 9 =0 (3.16)

2 2 XXj

Since the refractive index profiles are known beforehand, it is possible to use exact
value of d, (]/nfz) into eq. (3.16). But it is also possible to use a 2"-order accurate

central difference approximation for this term, which still gives 2"-order accuracy to
the discretization of Helmholtz’s equation at the corresponding grid point.

3.3.3. Discretization around index discontinuities

For grid points that are adjacent to the interface between segments, 2™ and 3™-order
derivatives of the field for TE polarization are not continuous anymore. For TM
polarization, the discontinuity starts from the 1%-order derivatives. Hence, corrections
should be made to the FD formulae for these grid points.



Finite difference scheme for anisotropic planar waveguides with arbitrary index profiles 43

By using a Taylor’s expansion, we can express field at X1 i.e. ¢ in terms
of field and it derivatives at the rhs of the interface. For TE polarization, using the
continuity conditions (3.6)-(3.9) we can then express ¢ in terms of field and its
derivatives at the lhs of the interface. Since the field at the Ihs of the interface can also
be expressed as an expansion of ¢, and its derivatives, we finally can express ¢ in
terms of ¢. This successive operation gives

2
Py = (1+ CAX? + chx3)(pk +(Ax+ cmAxa)dxgok +A%dxxgok

3

+%‘dm¢k +0(ax*) (3.17)
with
Cs :@kj (nZ, -nZ,) (3.18a)
e, -2 e (0m) (0] (3.180)
Cp= (2§+1)6(§ Y ks (n, —n2,) (3.18c)

By using eg. (3.17) and a Taylor’s expansion of ¢, , in terms of ¢, and its
derivatives, and use a 1%-order accurate forward difference to approximate d ¢, (also
using a successive procedure as above) we can get rid of d,¢, and d,,, ¢, , and obtain
a 2"-order-accurate interface-corrected FD formulae for 2"-order derivative of field at
a grid point just left of the interface as follows

P _(2 +C, AX + CgAX3 ) (2% (1_ CloAXZ )¢k+1

d o = " +0(Ax?) (3.19)
with
Gy =G —Cy (3.20)

Derivatives of refractive index terms within the expression for ¢y can be evaluated

either using their exact values or the 1%-order forward and backward difference

approximation. In the same way, we can also get interface-corrected FD formulae for

2"-order derivative of the field at the grid point just after the interface as

(1_ é10AX2 )@k - (2 + éllAXZ - égAX3 )¢k+1 T Pz
AX?

dxx§0k+l = +O<AX2) (321)

The same procedures can be repeated for TM polarization. But, due to its
more complicated interface continuity conditions, by using just 3 grid points, we are
not able to get 2"-order accuracy for the discretization around interfaces. By
neglecting more higher order terms during the successive Taylor’s expansion process,
we can aim at 1*-order FD formulae as follows
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DOva — P
d g =—"+—"=4+0(AX 3.22a
=t o (3.222)

C,, + Cj,AX —(1+c,, +¢,A%% )@, +(1—c,,AX
d o - ( 12 T 43 )Wk-l ( Cp Clz; )% ( Cis )§0k+1 +O(AX) (3.22b)
CisAX

Dusa — Pk
d =<2 ¢ 1+ O(AX 3.23a
x(pk+1 (1+612)AX ( ) ( )

(1+é13AX)¢k _(1+612 + 614AX2)¢|<+1 +(612 _613AX)¢|<+2

Ao = +0(AX)  (3.23h)

s AX
with
n2
Cy, =§+(1—§)? (3.24a)
2 A
Cis Gl P11 (3.24b)
2(1+c,)
2 A
Cu _(@-9)& (3.24c)
2
Cis = Cpe +% (3.24d)
2 nzzz 1- ’ A
C :%+§(1—§) nzf +( ;) ¢ (3.24e)

Although the discretization at the interface is only 1%-order accurate, the above scheme
will still give 2"-order overall accuracy [8] in the effective indices, if the number of
grid points is much larger than the number of interfaces. A perturbation analysis of this
will be given in Appendix 1. In order to achieve 2"-order accuracy for discretization at
grid point k and k+1, we need to use eq. (3.3) and incorporate fields at grid points k+2
and k-1. By doing so, we get 2"-order accurate, 4-point interface-corrected
discretization of first- and second-order derivatives at grid points just before and after
the interface. However, due to the lengthy expressions, we decided not to present this
here, but elsewhere [11].

3.3.4. Discretization at the computational domain boundaries

In this chapter, we are interested in guided modes of the structure; hence, at the
computational boundaries we can use the fact that guided mode fields are exponentially
decaying. In this way, we can express fields at ghost points as function of fields at
boundary points. The exponential decay rates follow from analytical solutions of the
guided modes in the substrate and cover.
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By assuming that the refractive index gradient at the boundaries is already
negligible, the field at ghost points 0 and N+1 can be approximated by

@y = (plexp(—km Ing —ny, Ax) (3.25a)

and

P = wNexp(—kox/ Nt — Ny AX) (3.25b)

for TE polarization, and

n
P = ¢16Xp[_ko % né — s, AXJ (3.26a)
nxxo ’
and
n, 2 2
Pray = PNEXD —kon—““ Ner — Ny, AX (3.26h)

for TM polarization. It should be noted that expressions (3.25)-(3.26) are not correct
for structures with graded index substrate or cover, but as will be shown later, these
expressions are reasonable approximations as long as the computational boundaries are
positioned at points where the gradients of the refractive indices are negligible. For
better results, these equations should be replaced by expressions adapted from the
exact analytic solution of fields at the corresponding region of the structure. The same
changes should also be done if we want to analyze fields that are not decaying, e.g.
when we want to analyze leaky modes.

3.3.5. Eigenvalue searching

Since the effective index values are used in the implementation of the boundary
conditions, the eigenvalue problem differs from the standard linear matrix eigenvalue
problem. In this work, instead of solving non-linear matrix eigenvalue problem, we
solve the dispersion relation det(M)=0 by using the bisection root-searching algorithm,
with M denotes the matrix of the discretized Helmholtz’s equations.

3.4. Results and discussions

Several samples are used to test the proposed scheme. The index profiles of the
samples range from a simple step-index, a combination of one graded- and one step-
index segment, up to more complicated structures, either based on isotropic or
anisotropic materials. All the results for TM-polarization presented in this paper were
calculated using the scheme that is 2"-order accurate in the continuous index region
and 1¥-order accurate at interfaces.
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Figure 3.3. Relative error in the calculated effective indices for a 3-layer step-index

isotropic waveguide of thickness 5.m: (a). TE polarization and (b). TM
polarization.

3.4.1. Step-index isotropic waveguide sample

An isotropic 3-layer structure with a refractive index of the substrate ns=1.5, guiding
film n=1.52, air cladding n.=1, and the film thickness 5um was analyzed for a vacuum
wavelength A=1.55um. The effective indices were compared to their exact values
obtained using the transfer matrix method (TMM) [12, 13] and the results are depicted
in Fig. 3.3. It is obvious from the results that the scheme is 2"-order accurate for both
TE and TM, as expected. For large mesh size, the errors fluctuate due to the fluctuation
of truncation errors in the discretization around interfaces, which depends on the
interface relative position (T :O( f (§)Ax2)). As the grid size is refined, the
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sensitivity of this error to changes in interface position (dT/d& ) becomes smaller. It is

obvious from these results, that the implemented boundary condition (denoted as Exp.
BC) is much better than the simple homogeneous Dirichlet boundary condition
(denoted as DBC) that uses perfect electric conductor (for TE) or perfect magnetic
conductor (for TM) at boundaries, even when we take a much larger window for the
DBC. This is due to the long evanescent tail for such an asymmetric structure for
modes near to cut off, which requires a very large window in order to reduce the effect
of the Dirichlet boundary condition.
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Figure 3.4. Relative error in the calculated effective index for the isotropic
waveguide with an exponential relative permittivity profile.

3.4.2. Graded-index isotropic waveguide sample

For graded index isotropic waveguide sample, we take a waveguide with exponential
relative permittivity profile as follows

n*(x) =n’ +2n.A exp(—'dﬁj for x<0 (3.27a)

n*(x) = n’? for x>0 (3.27b)

with d denotes the effective depth of the exponential profile. The exact values of its
effective indices for TE polarization were calculated using the exact dispersion relation
[14]. The results of the present FD scheme for n=2.177, n=1, A=0.043, and
V =k,d2n,A =4 are shown in Fig. 3.4 for various boundary conditions. The

computation was carried out for A=1um and a computational window size of only 3.4
and 4 times the effective depth of the exponential permittivity profile. Since the
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waveguide is asymmetric which will lead to longer evanescent tail into the substrate
than the cover, the computation was carried out in an asymmetric grid distribution way,
where 90% of the grid points are put into the substrate and only 10% within the cover
region.

Table 3.1. Calculated normalized propagation constants for the isotropic waveguide
with an exponential relative permittivity profile.

2 2

_ Nz — N
~ 2nA
Present FD Present FD
scheme scheme Variational | Variational WKB MAF FEM[19]
Mode Exact [14] i
(W=10um, (W=10um, CE [16] EHG [17] [16] [18] (800 grids)
98 grids) 962 grids)
TEo 0.321179 0.32134 0.32119 0.3155 0.313 0.2992 | 0.32116 0.318
TE1 0.053972 0.05421 0.05398

As shown in Fig. 3.4, for small computational window size where the gradient
of the refractive index at one side of the boundaries is still significant, the results with
exponential boundary condition (Exp. BC) are not 2"-order anymore for small grid
sizes, because for this exponential index substrate, the field at ghost point 0 is not
correctly represented by eq. (3.25), but should be expressed in Bessel’s functions [14].
Hence, for small grid sizes, the boundary error becomes more dominant than the
interior discretization error. However, this boundary condition still gives better results
than the 4-point asymmetric discretization boundary condition (ADM BC) [15]. Table
3.1 shows the normalized propagation constants calculated by the present FD scheme,
and other published methods, i.e. variational method using cosine-exponential trial
function [16], variational method using evanescent-Hermite-Gaussian trial function
[17], WKB [16], modified Airy function [18], and finite element method [19]. In this
table, W denotes the computational window size. As can be seen from the table, the
results of present scheme agree nicely with the exact values. The results of present FD
scheme with a small number of grid points are already more accurate than the FEM
results with a much larger number of grid points. This improvement, we believe is to
be attributed to the boundary conditions and the asymmetric grid distribution scheme
that enable us to carry out our computation in a relatively small window.

Additionally, we also compare the results of the proposed FD scheme with a
method which is based on invariant imbedding and transverse impedance concept [20]
for waveguide with cosinusoidal relative permittivity transition as depicted in Fig.
3.5.a. For waveguide with n=1.5, n?=1.53, n’=1.0, d=4pm, and w/d=0.2, the
dispersion curves of both methods are depicted in Fig. 3.5.b., which shows the
agreement of the nes values of better than 3 digits. For the transverse impedance
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method results, we have taken the data from Fig. 5 of the paper of Kuester and Chang,
and adjust the quantity of the vertical axis from ng —1.225 (in their figure) into

Ng —N, =Ny —~1.5 (in our figure).

0.012

— — FD Scheme
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s f s 2

2
W# n
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Figure 3.5. Asymmetric waveguide with cosinusoidal transition: (a). relative
permittivity profile, and (b). calculated dispersion curves by present FD
scheme and the transverse impedance method.

3.4.3. Step-index anisotropic waveguide sample

For step index anisotropic samples, we take a 4-layer step-index waveguide composed
of anisotropic SiO4N, film deposited onto isotropic SiO, substrate, covered with
anisotropic calix[4]arene and an air cladding [21]. For light with wavelength of 957.44
nm the refractive index of the substrate and air cover are 1.4526 and 1.0, respectively.
The refractive index of the SiON and calyx[4]arene are n=1.6721, n,,=n,,=1.6738 and
Nw=1.5630, n,=n,=1.5622, respectively. The thickness of SiON and calyx[4]arene
layers are 591 nm and 600 nm, respectively. The calculated results for TM polarization
using a computational window of 5um with mesh size of 3.9 nm are presented in Table
3.2 along with results of TMM and another FD scheme. In this table ny; denotes n, at
the guiding film. This table clearly shows the agreement of the results of present
scheme with those of other methods.

90
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Table 3.2. Calculation results for anisotropic step-index waveguide

b= n:ff _ r's2
“n2,-nl
Mode wf s
TMM [13] Present FD scheme (W=5um, Ax=3.9nm) FD BPM [21] (Ax=3.9nm)
TMO 0.671163 0.671157 0.671158
T™M1 0.100810 0.100816

3.4.4. Graded-index anisotropic waveguide sample

The scheme is also used to evaluate an anisotropic graded-index waveguide. The
considered sample is an annealed proton-exchanged (APE) X-cut Y-propagating
LiNbO; waveguide with crystal axes that coincide with the waveguide axes. The
refractive indices are assumed to follow

2
N, (X) =n, +A, exp(—%) for x<0 (3.28a)
XZ
n,(xX)=n, +A, exp[—d—zj for x<0 (3.28h)
n(x)=n, for x>0 (3.28¢c)

where n, and n, denote the ordinary and extraordinary refractive index of LiNbOs,
respectively. Since the proton exchange process will increase the extraordinary index
and decrease the ordinary index, one could expect refractive index profiles with
positive A, and negative A, as depicted in Fig. 3.6. In this sample, within the substrate
we will have ny(X)=n,(x)=ne(x) and n,(x)=ne(x). For this kind of structure, only TE-
polarized waves can be guided. The calculated results for A=0.6328um, nys=2.286,
Nes=2.2, Ae=0.01, A,=-0.004, n.=1.0, and d=5um are shown along with published data
and the results of TMM in Table 3.3. Since the profile is expressed in refractive index
instead of relative permittivity, it is more convenient to use an approximated formula
for the normalized propagation constants in the table. Here A, and A, denote the
maximum index increase for ny and ny, respectively; while nys and ny,s denote the
asymptotic n,, and ny, of the substrate, respectively. For the TMM calculation we have
used 2000 layers with uniform thickness to staircase-approximate up to 3d depth into
the graded index region. It should be noted, that our samples are different from the Ti-
indiffused sample analyzed by Katsriku et al. [19], but for the TE analysis they are
computationally identical, since computation for this polarization only need ny, and we
have chosen the same index profile parameters for this index profile. Our FD results
are obtained using 500 grid points with 90% of the points located within the graded-
index region and by using a computational domain width of 25 um. As seen from the
table, the results of the FD scheme are in good agreement with the published data and
the results of TMM.
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x=0

<Y

Figure 3.6. Anisotropic index profile of the APE-LiNbO; sample.

For TM-polarization we take a Z-cut Y-propagating LiNbO3z; sample with the
same index profile parameter as the previous one, but in this case within the sample we
will have n,(X)=ne(x) and ny(X)=n,(x)=ny(x). As shown in Fig. 3.6, in this case we
will have different index profiles for n,, (Gaussian with positive A) and n,, (Gaussian
with negative A) that are fully taken into account in present scheme. The computation
results are also shown in Table 3.3, where present scheme exhibits nice agreement with

the results of the TMM.

Table 3.3. Calculation results for the APE- LiNbO5; waveguide.

Sample Modes by, = et ;y”w,s by, = et gxnxx‘s
Present FD Scheme FEM[19] | TMM [13]
(W=25pm, 500 grids) (2000 layers staircase approximation
for graded index region)
X-cut TE, 0.7363 0.7360 0.7362
Y-prop. TE, 0.4277 0.4270 0.4274
APE-LiNDO; | TE, 0.1854 0.1840 0.1851
TE; 0.0286 0.0280 0.0284
Z-cut TMo 0.7394 0.7393
Y-prop. ™, 0.4376 0.4374
APE-LiNbO; | TM, 0.1990 0.1988
TM; 0.0392 0.0390

3.4.5. Samples with complicated index profiles

To demonstrate the applicability of the scheme for structures with complicated
refractive index profiles, we take a Ti-indiffused proton-exchanged (TIPE) LiNbO;
waveguide with SiO, buffer and air cover [1, 22]. To be more realistic, we have
preserved the index gradient caused by Ti-indiffusion and the decrease in ordinary
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index within the proton-exchanged region. With these assumptions we could expect a
truncated half Gaussian index profile in Ti-indiffused only (TI) region, and a
combination of half Gaussian and step index profile within the Ti-indiffused and
proton-exchanged (TI+PE) region as depicted in Fig. 3.7. The index profile of this
structure can be expressed as

2
N, (X) =Ngs + A, exp {—(de;zx)] for x<x; (3.29a)
Tl
(%= %)’
Ny (X) =Ny +Ape. +Aq, XD [—zd—z} for x,<x<x, (3.29b)
TI
n,(x)=n, for x,<x<xs (3.29¢)
n,(X)=n, for x>x3 (3.29d)
for the ordinary index, and
2
X, — X
N, (X) = Ny, + Ay, exp {—(Zd—z)] for x<x (3.30a)
Tl
(%= %)’
N (X) =N +Ape +Ay €Xp [—Zd—zl for X, <x<x, (3.300)
Tl
n,(x) =n, for x,<x<xs (3.30c)
n,(x) =n, for x>x3 (3.30d)

for the extra-ordinary index. For an X-cut Y-propagating substrate, we will have
Ny(X)=Nz2(X)=No(X) and nyy(x)=ne(x).

n(x),
-—n
o
—n,
A
Nys Tle
nes
M
TI+PE SiO,
Tlregion |{region buffer|
N
dPE dh
> X
Xp Xy X5

Figure 3.7. Refractive index profile of TIPE sample.

The calculated result for ne=2.2, n,=2.286, n,=1.45, n.=1.0, A7,=0.014,
A116=0.009, Apge=0.11, Apgo=-0.04, dyj =3um, dpe =Xp-X;=1um, dp= Xz-X,=1um, and
vacuum wavelength A=0.6328um are presented in Table 3.4 along with the results of
TMM. It should be noted from Fig. 3.7, that for the X-cut Y-propagating substrate, the
value of Ay and A, being used in Table 3.4 are Ac=Ar+Apge and Ay=max(Ario*+Apgo,
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Ar1oexp(-dpe?/dr?)), respectively. For TMM calculation, we have used 2000 and 1000
layers with uniform thickness to staircase-approximate the gradient index within TI
and TI+PE regions, respectively. This approximation is taken into TI region up to 3d
depth. As can be seen from the table, this structure supports different number of modes
for the two polarizations due to the different index contrast between ordinary and
extra-ordinary index. The table also shows that the results of present scheme agree
nicely with the results of TMM.

Table 3.4. Calculation results for TIPE sample.

b, - No gynwvs by, = Nay gxnm
Modes Present FD scheme TMM [13]
(W=15pum, Ax=0.01um) (2000 layers at T region, 1000 layers at TI+PE region)
TEOQ 0.87510 0.87507
TE1l 0.51915 0.51900
TE2 0.05688 0.05681
TE3 0.01794 0.01786
T™MO0 0.40744 0.40745
T™M1 0.02127 0.02127

3.5. Conclusions

A finite difference scheme for planar waveguides composed of segments with different
index profile functions was derived for both TE and TM polarizations by taking into
account the gradient of the refractive indices and the effect of index discontinuities
which lead to 2"-order accuracy in the calculated effective indices. Beside the
interface correction, discretizations at boundaries are also being taken into account by
using the exponentially decaying nature of guided fields. The scheme was implemented
for anisotropic waveguide with diagonal permittivity tensor and examined by using
samples with index profiles of increasing complexity. The results show good
agreement with results obtained by other methods.
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Chapter 4

High-order variational finite element
mode solver for anisotropic

planar waveguides

A variational finite element scheme that gives 4"-order accuracy by using
only linear basis functions within the computational domain is reported
for the mode solving of anisotropic planar waveguides with a diagonal
permittivity tensor. A quasi-uniform mesh is used to get rid of the
necessity to incorporate interface corrections and higher-order basis
functions, while Richardson-like extrapolation is used to obtain 4"-order
accuracy. The scheme was derived for both TE and TM mode analysis
and completed with infinite elements as transparent boundary conditions.
For structures with a graded-index exterior domain, the boundary
conditions employ basis functions adopted from the WKB method.
Together with the effective index method, the application of the scheme for
semivectorial analysis of indiffused channel waveguides made in a
uniaxial crystal will be demonstrated.

This chapter is adapted from:

H.P. Uranus, H.JW.M. Hoekstra, and E. van Groesen, “Fourth-order variational mode solving for
anisotropic planar structures,” J. Nonlinear Opt. Phys. and Materials, Vol. 12, No. 2, pp. 247-261, 2003.
H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Analysis of integrated optical waveguides,” J.
Indonesian Math. Soc. (MIHMI), Vol. 8, No. 4, pp. 49-62, 2002.
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High-order variational finite element mode solver

for anisotropic planar waveguides

4.1. Introduction

Materials that exhibit anisotropy are widely used in realizing integrated optical devices.
Among others are ferro-electric crystals like LiNbO3, LiTaO3, KDP, KTP, etc. which
have large electro-optic coefficients [1], amorphous materials like silicon oxynitride
(SiOxN,) which can be fabricated using silicon-compatible technologies and has a
relatively wide refractive index range [2], and poled-polymers with their prospect for
the realization of cheap devices [3]. Hence, waveguiding analysis of structures with
optical anisotropy is important for the design and characterization of such devices.

Accuracy is one of the main issues in numerical and approximate methods for
optical waveguide analysis. High accuracy is generally preferable, but this feature is
usually achieved at the expense of the efficiency, i.e. the computational time and
memory requirements. Additionally, it used to introduce more complexity in the
method. A variational finite element (FE) scheme with 4™-order accuracy for
transverse discretization of isotropic structure by using Richardson-like extrapolation
has been proposed by Stoffer et al. [4] for BPM. In this scheme, linear basis functions
are used for regions of uniform index while cubic basis functions are needed around
index discontinuities.

In this chapter, we describe a scheme almost similar to Stoffer’s scheme, but
instead of using higher-order basis functions at the interfaces, quasi-uniform meshes
are employed in order to retain the 4™-order accuracy and extend the scheme also for
analyzing modes of anisotropic structures. The scheme does not need complicated
interface correction, hence it is simple and requires only modest computational effort.
The scheme is completed with infinite elements as the transparent boundary conditions
(TBC) that are exact for homogeneous exterior domains and presented for both TE-
and TM-polarized guided-mode analysis of anisotropic planar structures with diagonal
permittivity tensor. For structures with anisotropic graded-index (inhomogeneous)
exterior domain, approximate boundary conditions by using basis functions adopted
from the Wentzel-Kramers-Brillouin (WKB) method is also proposed. Although we
only present the scheme for 4™-order accuracy (in the interior domain), in principle it
can be extended to 6"-, 8"-, or even higher-order accuracy with the same simplicity.
Additionally, we introduce a simple extrapolation scheme by using two consecutive
calculation results to further refine the results. We also combine the FE scheme with
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the effective index method (EIM), and apply the hybrid method for semivectorial
analysis of indiffused channel waveguides made in uniaxial crystals.

This chapter is organized as follows. After a variational formalism for the
problem and its implementation using 1-D finite elements are described, a simple
upgrade to a higher order scheme by using Richardson-like extrapolation is presented.
Afterward, the application of infinite elements for the TBC, the additional
extrapolation scheme to enhance the accuracy, and the semivectorial EIM for channel
waveguides with uniaxial materials will be discussed. The scheme is finally illustrated
by using samples composed of either isotropic or anisotropic materials. The results
confirm the expected order of accuracy, the effectiveness of the boundary conditions
and the additional extrapolation.

4.2. Description of the method
4.2.1. Variational finite element method

In this chapter we consider waveguides, which are composed of non-magnetic, source-
free, and lossless materials with the anisotropy principal axes parallel to the axes of the
Cartesian coordinate of the structure. We assumed that the z-axis is the propagation
direction. In general, we consider planar structures with refractive indices vary only in
the x direction. Additionally, by incorporating the EIM, we also consider channel
structures with refractive indices vary in both x and y directions, which can be
approximated by successive planar structures. For the x-variant planar system, it is
possible to have uncoupled TE- and TM-polarized waves with corresponding scalar
Helmholtz’s equations

[d K3 (n3, (0 -0 ) |E, (0 =0 for TE 4.1)

and

d [Ld j+k{1 i ] H, () =0 for TM (4.2)
"z ) U i) ’ '

while the y-variant planar structures follow similarly.

The foIIowing functionals
- j [ E,(0) +k:[n3,(0-nZ | Ej(x)]dx 4.3)

and

17 1 nZ
:E[[ = ——(d,H (x)) [1 7 (0 )JH (x)} (4.4)
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can be associated with differential equations (4.1) and (4.2), respectively. Since the
Euler-Lagrange equations of the functionals correspond to the original wave equations,
the solutions of the latter equations can be approximated by extremization of the
functionals. The functions are approximated using interpolation of polynomial basis
functions and the functionals are discretized in a finite number of elements within the
computational domain, while outside the computational domain, infinite elements
(elements that extend to + or - infinity) are used. The extremization of the discretized
functionals are then carried out by finding the combination of the interpolation
coefficients where the gradient of the discretized functional is zero as in eq. (2.23).

For element j, located between node j and j+1, not located at the
computational boundary, and has no interface within it, by expressing the function as
interpolation of linear basis functions as illustrated in Fig. 2.3, we obtain

%z Ci@j1TC i@ +C5 0.0 _nesz (04,1'(01'71 +Cs ;0; +Cs,j¢’j+1) (4.5)
j
for TE-polarized waves, and
oF
%Z G @i +Cg ;0 +Co i P)in _nesz (Clo,j(pj—l +Cyy j0; +C12,j(/7j+1) (4.6)
i
for TM-polarized waves, with
1 1
C . = +=k’n®> | AX. 4.7a
1] ij71 6 0 yy,j—% j-1 ( )
Cpj=— ! 1 +1k02 N’ JAX+n° AX (4.7b)
' AX. . AX; 3 W, i-% W+
j-1 I 2 2
1 1
C,. =——+=k’n*> | AX. 4.7¢c
3,] ij 6 0 yy,j+% j ( )
., =%k§ij_l (4.7d)
Cs ; :%kj(Ax]‘fﬁij) (4.7¢e)
Co j :%kozij (4.79)
1 1
C, =—— + Zk>2AX. 4.7
7,] nz - 1ij_l 6 0 j-1 ( g)
zz,]—E
1 1 1
G =— + +Zk2(AX, , + AX; 4.7h
& n’ Ax., n° JAX | 3 o (84 +%,) (4.7h)
z J—E 72, j+=
¢, =t Ik2Ax (4.7i)
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Ay (4.7j)
6n° -

XX, j——=
! 2

2
Cp,j = ko

Cll,j =§k02 nz—"rnz—J (47'()
XX, j—= XX, j+=
2 AXi
Clz,j = kO 6[‘]2— (47')
xx,j+5

where for convenience, ¢ has been used to denote the value of the function at node j,
which is E,, for TE or H,, for TM, while F and Ax denote the discretized

functional and mesh size, respectively. In eq. (4.7), we have approximated the relative
permittivity within each element by taking their mid-point value as shown in Fig. 4.1.
Equation (2.23) can then be written as a matrix generalized eigenvalue equation

VF =(A-niB){g} = {0} (4.8)

with A and B representing tridiagonal matrices with the non-zero elements of their "
row consist of ¢y ... cgj for TE or ¢ ... Cgj for TM; and ¢, ... Cgj for TE or Cyj ...
c12; for TM. Equation (4.8) can be solved for its eigenvalues (nj ) and their

corresponding eigenvectors {¢}, which are the approximate solutions of the
corresponding Helmholtz’s equation.

approximate field

lin Xin
=p.|1-
" (x) (o‘( AX

Pin

T exactfield

2
nj+1

\
exact

relative permittivity

approximate
relative permittivity

j+l
element j
AX;

Figure 4.1. Approximating the field function by interpolation using linear basis
functions and the graded relative permittivity by their mid-point value
within element j.

The use of interpolation of linear basis functions to approximate the function
and taking the mid-point values to approximate the structure (possibly graded) relative
permittivity implies that only 3"-order local error can be obtained for integration
within the functional at element located between node j and j+1 as follows:
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_ ﬁ]m

jrj+l j+i+l

F +AX] err(x; )+ O(AX}) (4.9)

which could be obtained by using Taylor’s expansion around X, Ineq. 4.9), F. a4

denotes the exact value of the functional between grid j and j+1, while Ifj"fj+1 the
discretized functional using interpolation of linear basis functions. For the case of
uniform mesh size, there will be Q/Ax meshes within the computational domain Q,

which implies only 2"-order global error of the results.
4.2.2. Richardson-like extrapolation and mesh-evenization scheme

To achieve 4™-order accuracy, we use Richardson-like extrapolation that combines
integration results of different mesh sizes to eliminate the 3"-order local error term in
eq. (4.9). By taking Axj=Ax;:1 and combine the integration results with the results of
2Ax;-sized mesh, we get rid of the 3"-order error term for local integration interval
between grid j and j+2 as follows:

Fioje :%lfj”jhz,mj _%lfjlinpz,zmj +0(AX]) (4.10)

with Ifj"jMij denotes the integration of the discretized functional between node j and

j+2 using linear basis functions for normal-sized (Axj-sized) mesh and Ifj'L”MZAXj for

double-sized (2Ax;-sized) mesh. In this way, matrices A and B will become penta-
diagonal.

Axunll AXLII’\II Axumz AXU"IZ AXuan AXUI’NZ AXunlS AXUI'|I3

Ax-sized mesh -@ - - g @ L L *—o---
2 1 ] 12 grid no.
2AXuml 2Axum2 2AXumz 2Axum3
T e T «—2
2Ax-sized mesh ® ® ® ®
2MAX,,,
interface (with m=1,2...) interface

Figure 4.2. Mesh-evenization scheme that gives quasi-uniform meshes.

To keep the scheme simple, we use quasi-uniform meshes as depicted in Fig.
4.2, where meshes in a segment (i.e. substructure in-between two adjacent interfaces)
are uniform, but meshes of different segments can be slightly different due to an
evenization scheme. We term this meshing scheme as the mesh-evenization scheme.
This scheme avoids the necessity of either incorporating complicated interface
corrections or the use of higher-order basis functions at interfaces to retain the
accuracy. Here, to get rid of the complicated interface corrections, we put the node
exactly at the interface, hence the integration within each element will not cross the
interface. To have the Richardson-like extrapolation to work correctly at interfaces, we
have forced the number of normal-sized mesh within each segment to be an even
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number. By this mesh-evenization scheme, none of the integration interval, either the
normal- or double-sized interval will cross the interfaces, hence the same form of eq.
(4.5)-(4.7) with proper mesh sizes will remain valid in this formulation and 4™-order-
like accuracy can be achieved in a simple way. The scheme can also be extended to
6"-, 8"-, or even higher-order accuracy with the same simplicity.

4.2.3. Transparent boundary conditions

A simple TBC is implemented for guided-wave analysis within this scheme by using a
1-D version of infinite element techniques [5]. In this case, the element outside the
computational domain is extended to -co at the left boundary and to +oo at the right
boundary as shown in Fig. 4.3, and a proper selection of basis function is made to
ensure the convergence of the integration of the functional within the element. In this
way egs. (4.3) and (4.4) can be written as

1 " 2 2 2 2 ) N-1
F :EJ[—(dX(p) +K2 (N3, —nZ ) ]dx+sz
: a
177 )
+E;[[—(dx<0) G (2 =gy ) Jox (4.11)
and
1% 1 ne2 N-1
F =§7w {—Fm(dx(ﬂ)z +k¢ (1—F:J(pz}dx+§ F;
17 1 e
+EX{ {‘E(dxw)z +k; [Pchjwz}dx (4.12)

for TE- and TM-polarized wave, respectively. In these equations, subscripts s and ¢
denote the substrate and cover of the structure, respectively. It is assumed that the
substrate is located at the left hand side (lhs) and the cover at the right hand side (rhs)
of the structure.

infinite element 1 finite elements infinite element 2
decaying ¢4 linear basis function Op2 decaying
basis function /7 o basis function

P
S5
A

X=X, A% A%
an j*‘" computational window
N Q

Figure 4.3 Infinite elements as transparent boundary conditions for guided mode
analysis.
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4.2.3.1. Infinite elements for a homogeneous exterior domain

For guided mode analysis of homogeneous exterior domain, we can use exponentially
decaying basis function for the infinite element. For TE mode analysis, we use

¢),(x)=¢)lexp[ko./n§ff -ng, (x—xl)] (4.13a)

and

?,(X) = o, exp[—ko,/nezff —ng o (X=X )J (4.13b)

while for TM mode analysis, we use

nZZ S
P (X)=¢, eXp{ko n ’ nezﬁ - nfx,s (X - Xl):| (4.14a)
and
nZZ C
(Dr(X) =Py eXp|:_k0 n v AY; nesz - nfx,c (X — Xy ):| (414b)

as basis functions within the infinite elements, where subscripts | and r denote the lhs
and rhs infinite element, respectively. Since these functions are the exact solutions of
guided waves for homogeneous exterior domains, the use of these exponential basis
functions will lead to an exact TBC. As a result, the functionals can be written as

F=Fq,+F, (4.153a)
with
Foo =000l = a0l —ap] (4.15h)

where F,, and F, denote the boundary terms contributed by the infinite elements and

interior terms contributed by the finite elements, respectively. To get eq. (4.15b) we
have used integration by parts, the fact that the fields vanish at +oo, and eq. (4.1)-
(4.2). For TE-polarized waves we will have

c=1/2 (4.163)
o = %ko, [amrsy (4.16b)
and

1
a, = —Ekm/nezff -n; . (4.16¢)

while for TM-polarized waves, they are

c= ﬁ with ext=s, ¢ (4.173)

2z,ext

2 2
1 Neit _nxx,s
o =S I
n,.n

XX,8"°2Z,S

(4.17b)
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2 2

1 neﬁ - nxx c
a =——k,+——. 4.17c
' 2 ’ nxx,cnzz,c ( )
o oF oF . . ) .
This implies that the — and (the first and last rows in matrices A and B) differ
op, 0Py
from the other rows as follows
oF
= =CP G0, — nesz (C5,1¢71 + Ceﬂ’z) (4.18)
op,
F 2
=C NP1t ConPy ~Neg (04,N¢N—1 +CsnPn ) (4.19)
opy
for TE, and
oF )
% = CgaP1 + Co 10, — Neg (011,1(p1 + Clz,l(pz) (4.20)
1
oF )
8¢7 =Cr NP1 TGPy~ Net (Clo,N Pt CunPy ) (4-21)
N
for TM, with

cu:——Al +1k02n2 AX =Ko /NG =2 (4.22a)

X, 3wl

S +%k02nijiAfol—ko‘/ne2ﬁ—niyyc (4.22b)
2

AXy 4
Csy = %k(fo1 (4.22¢)
¢\ :%ijxN_1 (4.22d)
1 1 nesz _nfxs
Cy, = +=k2Ax, —k, —22 4.22¢e
o nZ 1A 1 3 ° ' ’ xx,snzz,s ( )
2
1 1 nesz - nfx c
Cop = —————+—=kZAX, , —k, +— 5 4.22
on n2 N 1AXN 1 3 ° N ° xx,cnzz,c ( f)
1, Ax
111=§k5 2 : (4.229)
xx,l%
1 ,Ax
Ciin gkoz 2 He (4.22h)
1
X,N-=

while ¢;,, C5;, Cyy Cons Coys Cpyy Gy, and C remain the same as in eq. (4.7).

The last terms of eq. (4.22a), (4.22b), (4.22e), and (4.22f) are attributed to the infinite
elements.
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4.2.3.2. Infinite elements for an inhomogeneous exterior domain

For graded-index exterior domain, we chose basis functions adopted from the WKB
approximation [6], i.e.

¢.(X)=Liexp —Xfy(X)dX} (4.233)
r(x) | %
for the Ihs and i
B X
(X)) =———exp| — | y(x)dx (4.23h)
)=~ }

for the rhs infinite element, with with x;, and ., denote the Ihs and rhs turning points
(i.e. the points where the field changes from oscillatory to decaying profile),
respectively. In eq. (4.23), A and B are constants that depend on the turning points
position, while

7 (X) =koynZ —n2,(x) (4.24)
for TE-, and

i Nz (X) 2~ (x)

nXX(X) (4.25)

for TM-polarized waves. The computational boundaries should be located beyond the
turning points, i.e. at position where nes > ny, for TE and nes > ny for TM. By
substituting eg. (4.23) into the boundary terms of the functionals, we get

1| d,n? (x
a5 %He 2, —ﬂiy(xl)} (4.26a)

_4|:neff - nyy(xl)

and

B L ) R~
ar - 2 |: 2 n (XN ):I neff nyy(XN)] (426b)
for TE, and

— (Xl)dx zz(xl) |:n2 (Xl)d 2( ) (Xl X xx Xl):l

| 8n x l n I:neff xx l :|
oL Mo~ (%) (4.273)
2 " ng(x)n, (%)

a = ( ) zzz(XN) n off |:n2 ( )dxnz ( )_nzzz(XN)dxnfx(XN ):|

- 8nx(XN n )|:neff xx N ]

_%ko Ao~ () (4.27b)
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for TM. It is worth noting that if the exterior domain is homogeneous, egs. (4.26) and
(4.27) will reduce to (4.16) and (4.17), respectively. Hence, the WKB-based basis
functions will also result in exact TBC for this particular case, while for the
inhomogeneous exterior domain it is approximate.

The boundary conditions induce non-linearity to the generalized eigenvalue
equation. In this chapter, we handle this situation by using bisection root searching
algorithm to solve the dispersion relation det( A —nZ% B )=0.

4.2.4. Additional extrapolation

As will be shown later, by a proper choice of the average mesh size and neglecting the
higher order terms, the error profile of the results of the proposed scheme will follow

B log(Err, /Err)
~ log (A%, /AX,)
with ord denotes the order of accuracy (2 for scheme without and 4 for scheme with
Richardson-like extrapolation), A%, and AX, the average mesh sizes for k™ and I”

ord (4.28)

computation, respectively, while Err, and Err, are the relative errors in the calculated
effective indices of corresponding computations which can be expressed as
n n

eff calc_n ~ ' eff ex

Err, =

g with 7 =k,1 . (4.29)
n

eff ,ex

Ith

Ineq. (4.29), Ny o @nd n denote the effective indices resulted from k™ and

eff ,calc_I

computation, respectively, while n_. _ denotes the exact effective index. This relation

eff ,ex
can be used to further refine the results by using calculated results taken from two
different mesh sizes. By substituting eq. (4.29) into eq. (4.28), we arrive at

AYk ord

e neff,calc_l - neff Jcalc_k

_\ax (4.30)

neﬁ ,extrapolate _ ~ord
A )4
AX

In eq. (4.30) we have taken sign (N cue =Nt o ) = SIGN (Nt e 1 —Ne ) » WhiCH

comes from the systematic property of the error term in eq. (4.9) and (4.10).

Since a small fluctuation remains in the computational results induced by the
quasi-uniform discretization scheme and the higher order error terms (see e.g. Fig. 4.4-
4.6), better results could be achieved by using more calculated points and
implementing data fitting techniques.
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4.2.5. Semivectorial analysis of diffused channel waveguides in uniaxial crystal

In this section, we will show that the planar solver discussed earlier can be
used for semivectorial analysis of indiffused channel waveguides made in uniaxial
crystals. This is applicable for the case where the crystals are cut in a specific way,
such that the electric field polarized in the direction normal to the surface of the
substrate feels the extraordinary index (ne), while the other two orthogonal fields
experience the ordinary index (n,). In this case, we incorporate the EIM to approximate
the 2-D semivectorial wave equation with successive 1-D wave equations.

In this case, we make use of the slowly varying inhomogeneity (small é;nz)
nature of the indiffused channel waveguides to reduce the vectorial wave equation into
semivectorial formulation as in eq. (2.12). By doing so, and by taking n=n. and
ny,=n,=n, for the specific cut of the crystals noted earlier, we get

l 2 2 2 2
6X[n_§6x (nZE, )}aWEX +k; (nZ —n% )E, =0 (4.31)
for quasi-TM waves. Following the same procedure as in section 2.2.3, the
approximate solutions of this equation can be obtained by solving

2
dx(izdxpj+k()z (l—Ne%jP=0 for every y (4.32a)
n n’
and
d,G +kg (Ngy (¥) =g )G =0 (4.32b)
successively, with
E,=F (X y)G(Y) (4.33a)
and
P=nF. (4.33b)

Equations (4.32a) and (4.32b) can be solved by using 1-D TM and TE anisotropic
mode solver discussed earlier, respectively.

In a similar way, for quasi-TE waves, we solve

6XXHX+8WHX+k§(n§—n§ﬁ)HX:0 (4.34)

approximately by solving

d,R+kj(n2-NZe )R=0 for every y (4.35a)
and

dy,S +k; (Nge (¥) —nge )S =0 (4.35b)

successively, with
H, =R(X,Y)S(y) . (4.36)
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Both of eqs (4.35a) and (4.35b) can be solved using 1-D TE mode solver. It is worth
noting that the sequence of applying the 1-D mode solver is different than the usual
EIM [7] (see e.g. Fig. 2.5), as here we make use of the slowly varying lateral refractive
indices, while the usual formulation of semivectorial EIM assumes linearly polarized
fields to decouple the components of vectorial into semivectorial wave equation.

T™O

1.E-01
= | i X 2nd order (DBC),
@ LE-03 L Y e 2. LN window=0.7um
S 1.E-05 4 = 4th order (DBC),
S window=0.7um
= 1.E-07
[} A 2nd order (TBC),
g 1.E-09 - window=0.6um
B i
— il O 4th order (TBC),
& 1.E-11 i window=0.6um

1.E-13

0.001 0.01 0.1

Average mesh size (um)

(@

T™4

X 2nd order (DBC),
window=0.9um

= 4th order (DBC),
window=0.9um

A 2nd order (TBC),
window=0.6um

[ 4th order (TBC),
window=0.6um

Relative error in neff

1.E-08 © :
0.001 0.01 0.1

Average mesh size (um)

(b)

Figure 4.4. Results of a 3-layer high-contrast isotropic waveguide. (a). TM, mode.
(b). TM4 mode.
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4.3. Numerical results
4.3.1. Isotropic waveguide

The first sample is a 3-layer isotropic structure with sub-wavelength film thickness and
high index-contrast corresponding to an air-GaAs-air structure [8]. The refractive
indices at A=0.86um for the substrate, film, and cover layers are ns=1, n; =3.6, and
n.=1, respectively, while the film thickness is 0.6 um. The results for fundamental and
highest order TM-polarized modes that were calculated using a computational window
that has exactly the same size as the width of the guiding layer (only 0.6um) for the
proposed TBC are shown in Fig. 4.4. Here, the relative error in ng; is as defined by eq.
(4.29). The exact values of effective indices of this structure are calculated using
transfer matrix method (TMM). Even with such a small computational window, the
implemented TBC already gives nice results, while the DBC suffers from the error
caused by the incorrect representation of the field at the computational boundary even
when a larger computational window (0.7um) is used. This superiority is more
pronounced in the 4™ (highest-) order mode analysis. In this case, the DBC does not
give any results unless the computational window is enlarged to 0.9um, while the TBC
gives good results starting from 0.6um. Almost the same error profile was also
obtained for TE polarization analysis. These results confirm the expected order of
accuracy of the proposed scheme, which are 2"-order for the scheme without and 4"-
order for the scheme with Richardson-like extrapolation.

4.3.2. Anisotropic waveguide

As an anisotropic waveguide sample, we choose a 4-layer waveguide with isotropic
substrate and cover and with 2 birefringent films [9]. The sample is composed of SiO,
substrate with Silicon Oxynitride (SiOxN,) and calix[4]arene films on top of it and air
as the covering layer. For light with a wavelength of 957.44 nm, the refractive indices
of SiO,, SiONy, calix[4]arene, and air are n,=n,=n,=1.4526, n,=1.6721 n,=n,=1.6738,
n=1.5630 n,=n,=1.5622, and n,=n,=n,=1, respectively. The thickness of the SiOxN,
and calix[4]arene are 591 nm and 600 nm, respectively. There are 2 guided-modes for
this structure, and the results for TEy and TMy modes are shown in Fig. 4.5. Again, the
exact values of effective indices of this structure are calculated using the TMM [10]
formulated for anisotropic media, and the calculation for the scheme with the TBC was
carried out using a computational window of exactly the same size as the thickness of
the guiding region. As shown in the figure, the order of the accuracy is as expected and
the results of the scheme with TBC are much better than the one with DBC.
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TEO
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Figure 4.5. The results for a 4-layer asymmetric waveguide with birefringent films.

4.3.3. Effect of the computational window size

To further demonstrate the advantages of the TBC, we present calculations of the
isotropic structure discussed earlier by using different window sizes. The results are
depicted in Fig. 4.6. As can be seen from the results, the application of the TBC
minimizes the error caused by incorrect representation of field values at the boundaries,
which allows the computation to be carried out in a relatively small computational
window, even as small as the thickness of the guiding region.
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Figure 4.6. The effect of window size for TMy analysis of the 3-layer isotropic
waveguide. (a). 4™-order scheme with DBC (b). 4™-order scheme with

TBC.

4.3.4. Extrapolation results

As could be seen from the results of the scheme with TBC, for proper discretization
size, the error profile follows eq. (4.28), hence we could use results from two
consecutive calculations with different mesh sizes to further refine the results. For
structures with an inhomogeneous exterior domain, since the boundary conditions
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becomes approximate, this can only be carried out in the mesh- and window-size
region where the total error is dominated by the interior discretization error (see e.g.
Fig. 3.4). Table 4.1 and 4.2 show the extrapolated results for the 4-layer anisotropic
structure discussed earlier by using 2"- and 4"-order calculation results, respectively.
The results are presented in terms of relative error in effective indices, which have been
truncated to a few digits for clarity. All these results are obtained by computational
window size of 1.191um, which is just the thickness of the guiding region. These
tables clearly show the refinement of the computational results by means of the simple
extrapolation scheme.

Table 4.1. Extrapolation using 2"-order results of the 4-layer anisotropic sample

Mod Before extrapolation After extrapolation
oce AX, (nm) Erre AX; (nm) Ermn Err

TEO 100 2.45E-4 30 2.20E-5 3.83E-7
TEL 9.46E-4 8.61E-5 2.72E-6
TMO 30 2.57E-5 3 2.72E-7 3.33E-9
T™M1 9.24E-5 9.78E-7 9.74E-9

Table 4.2. Extrapolation using 4™-order results of the 4-layer anisotropic sample

Mod Before extrapolation After extrapolation
ode AX, (nm) Erre AX, (nm) Ermn Err

TEO 100 6.39E-6 30 5.26E-8 2.81E-9
TE1 1.01E-4 8.61E-7 7.30E-8
TMO 30 7.40E-8 3 8.28E-12 1.43E-13
™1 9.58E-7 1.08E-10 2.88E-12

4.3.5. Ti-indiffused channel waveguide

We consider a multimode channel waveguide made by Ti-indiffusion into Z-
cut Y-propagating LiNbO; crystal with index profiles

no,e(xv y) = nso,e + Ao,e fo,s(X)go,e (y) for X SO (437a)
and
N, .(X,y)=n, for x>0 (4.37h)

with subscripts o and e denote the ordinary and extraordinary index, respectively, while
ns denotes the bulk crystal refractive index, and f(x) and g(y) denote the normalized
index profile functions. In this case, we take light vacuum wavelength A=0.6328um,
ns,=2.286, ns,.=2.2, n.=1, and A,=A.=0.01. We assume exponential index profile in
vertical (x) direction and Gaussian index profile in lateral (y) direction of the diffused
channel, which reads as

v &

0e(X) =€Xp o (4.38a)

0.8

and
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yZ
Uoe (V) =€Xp| — pE (4.38D)
Yoe
We take dy,=d,.=6pm and dy,=d,e=3pum.
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Figure 4.7. Mode indices and corresponding intensity profile of several guided quasi-
TM modes of Ti-indiffused LiNbO; channel waveguide.
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By using the hybrid EIM-FEM scheme as described in section 4.2.5, we can
get the mode effective indices of guided modes and their corresponding field solutions.
The computation was carried out by using a window width of 12um, height of 25um
with only a 1um thick air cladding inside the computational window, and initial (i.e.
before mesh-evenization) lateral and vertical mesh sizes of 0.1um. Some of the results
are shown in Fig. 4.7 for quasi-TM modes. Almost similar intensity profiles were also
obtained for quasi-TE modes, hence not shown here. As can be seen from these results,
for higher order modes, the intensity is less confined and shifted toward the substrate.
It is also shown that the effective indices of guided quasi-TM modes for this kind of
crystal cut are bounded by the extraordinary index of the crystal, while for quasi-TE
modes (not shown in the figure) by the ordinary index.

4.3.6. Directional-coupler-based polarization splitter

Here, we will demonstrate the use of the hybrid EIM-FEM scheme to analyze
a polarization splitter on the basis of a directional coupler with Ti-indiffusion in one
channel and annealed proton exchange (APE) process in the other channel in a Z-cut
Y-propagating LiNbO; substrate as proposed by Maruyama et al. [11].

Ordinary refractive index profile Extra-ordinary refractive index profile

Refractive index

2 Lateral position (um) 2
Vertical Position (um o0 “ertical Position (um) o0 Lateral pasition {jur)

(@ (b)

Figure 4.8. Refractive index profile of (a). ordinary index and (b). extraordinary
index of Ti-indiffused to APE directional coupler.

To simplify the analysis, we neglect the interaction between optical signals at
the non-parallel waveguide regions of the directional coupler. Therefore, we only need
to analyze a simplified structure with 2 parallel graded-index channel waveguides. For
A=1.55um the bulk ordinary and extraordinary index of the crystal are ns,=2.21122
and ns.=2.1380646, respectively. We assume that both the lateral and vertical diffusion
will give Gaussian index profiles for both kind of processes. For the Ti-indiffused
channel we assume A,=A.=0.01, dyo=dy.=4um, and d,o=dy.=2um. For the APE
channel we assume A,=-0.004, A.=0.01, dy,=dyc=4um, and dy=d,.=2pm. The
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separation between the center of the two channels is 6.5um. The refractive index
profile of this structure is shown in Fig. 4.8 where we can see different refractive index
profile for the two channels due to the effect of the two different processes.

The mode solving was carried out by using computational window width of
18.5um, height of 12.2um with just 0.2um thick air cover inside the window, and
initial lateral and vertical mesh size of 0.1um. The result shows that there are two
guided quasi-TM modes and only one guided quasi-TE mode. The ng; of the quasi-
TMgo is 2.13898 and quasi-TMyo is 2.13820, while that of quasi-TEq mode is
2.211828. Therefore, we can calculate the coupling length for quasi-TM polarization

waves using

L = A (4.39)

¢ Z(neﬁ TMOO Nt ,TMlO)
which gives L.=0.994mm. Hence, if we make the interaction length exactly the same as
the coupling length (L=L.), and launch light into the Ti-indiffused channel, then we
will have the quasi-TM polarized light to be coupled into the APE channel, while the
quasi-TE polarized waves still remain in the Ti-indiffused channel. This is basically a
polarization splitter functionality as demonstrated experimentally by Maruyama et al.
[11].

4.4, Conclusions

A simple variational finite element scheme for modal analysis of anisotropic planar
waveguides with diagonal permittivity tensor is reported. The scheme uses a quasi-
uniform mesh and Richardson-like extrapolation to achieve 4"™-order accuracy without
any interface correction, using only simple linear basis functions within the
computational domain. The scheme is furnished with infinite elements as the
transparent boundary conditions, which is exact for structures with homogeneous
exterior domain. For the inhomogeneous exterior domain case, by using basis functions
adopted from the WKB method, approximate boundary conditions were formulated.
Further refinement by extrapolating two consecutive computational results were also
demonstrated. Together with the effective index method, the scheme was applied for
semivectorial analysis of indiffused channel waveguides made on uniaxial crystal.
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Chapter 5

Simple high-order
Galerkin finite element scheme for
guided and leaky modes computation

of anisotropic planar waveguides

A simple high-order Galerkin finite element scheme is formulated to
compute both the guided and leaky modes of anisotropic planar
waveguides with a diagonal permittivity tensor. Transparent boundary
conditions derived from the Sommerfeld radiation conditions are used to
model the fields at the computational boundaries. These conditions allow
for radiation into high index cladding/substrate and decay into low index
cladding/substrate, hence work for both guided and leaky modes.
Richardson-like extrapolation is employed to achieve high-order accuracy
by only using simple first-order-polynomial basis functions. Schemes up
to 6"-order accuracy in the effective index are demonstrated. The ability
of the scheme to compute leaky and guided modes of various structures
with isotropic and anisotropic materials, step and graded index profiles is
demonstrated. Using the scheme, a detailed study on ARROW structures
is presented.

This chapter is adapted from:

H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Simple high-order Galerkin finite element scheme
for the investigation of both guided and leaky modes in anisotropic planar waveguides,” Opt. and Quantum
Electronics, Vol. 36, No. 1-3, pp. 239-257, 2004.

H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Modeling of quasi-guiding light within the lower
refractive index core layer(s),” J. Indonesian Math. Soc. (MIHMI), accepted 2005.



80 Chapter 5

Simple high-order Galerkin finite element scheme for
guided and leaky modes computation of

anisotropic planar waveguides

5.1. Introduction

Optical waveguides that are made on a high-index substrate are particularly interesting.
This class of waveguides includes structures made on a semiconductor wafer.
Structures that are composed of silicon compounds grown on top of silicon substrate
are not only benefiting from the low cost of silicon wafer, but also sharing the well
developed technologies used by the microelectronics industries, and offering better
prospect for integration between the optical and electronic circuits [1]. It has been
shown that structures made of these materials have a wide range of available refractive
indices [2]. Besides, arbitrary refractive index profiles can be made by precise
computer control of the fabrication parameters as has been demonstrated by the
realization of a rugate filter [3]. This feature gives more degrees of freedom in
refractive index profile engineering, i.e. tailoring of the refractive index profiles to
meet certain desired properties of the waveguide, like bandwidth [4], mode profiles [5],
phase matching of modes of different wavelengths [6-7], etc. Hence, numerical
investigations of this class of structure are important.

To analyze this kind of structures, computational methods that are able to
solve leaky structures are needed. Among others, the finite element method (FEM) [8-
10], the finite difference method (FDM) [11], the transverse matrix method (TMM)
[12-13], the transverse resonance method (TRM) [14], the Wentzel-Kramers-Brillouin
(WKB) method [15], and the imaginary distance (ID) BPM [16-17] with either
perfectly matched layers (PML) or transparent boundary conditions (TBCs) have been
used to solve such problem. Solvers that are originally made for 2-D cross-section
problems are applicable to general structures, but might be too expensive for 1-D
problem modeling tasks like those required in film deposition studies. Methods that can
handle leaky planar structures with arbitrary index profile efficiently are needed for this
kind of purpose. Since some materials exhibit birefringence [2], the method should be
able to handle anisotropic dielectric permittivity. The TMM is known as an exact
method for the step index planar case. However, the requirement of doing root
searching in the complex plane makes this method to be not very easy to implement
[18]. Simplification of the characteristic equation, for which it is sufficient to do root
searching only along the real axis by assuming a certain phase relation in the outer
interface, has been proposed for ARROW structures with small losses [19]. For
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graded-index structures, TMM becomes too tedious, while its solution will not be exact
any longer. For these structures, a staircase approximation to the graded index profile
has to be performed, which leads to an accuracy of only 2"-order, unless precautions
like the extrapolation as we proposed in this chapter are taken.

In this chapter, we report a simple high-order 1-D Galerkin FEM scheme. By
using TBCs derived from the Sommerfeld radiation conditions and allowing the
transverse wave number to have complex value, the scheme allows light to leak into
the high index substrate/cladding, and to decay into the low index substrate/cladding,
and is hence able to compute both the guided and leaky modes. The inclusion of
Richardson-like extrapolation and a simple mesh-adjustment scheme leads to higher
order schemes by using only first-order-polynomial basis functions. The sparse non-
linear matrix eigenvalue equation produced by the scheme can be solved using a simple
iteration scheme. Hence, the scheme turns out to be very simple, easy to implement,
but highly accurate. The method is suitable for leaky planar waveguides of arbitrary
index profile with a diagonal permittivity tensor. Using the scheme, we also present
detailed study on ARROW structures.

5.2. Description of the method

5.2.1. Finite element formulation

Here, we make the same assumption as in Section 4.2.1. Following the Galerkin
procedure, doing partial integration to terms that contain second order derivatives, and

using of the continuity of E,, H,, dE,, and (1/nzzz)dXHy across material interfaces, the
weak formulation of wave equations (4.1) and (4.2) can be written as

Zfﬂ[ (deo) +k( —neﬁ)ww]dx 0 (5.1)
for TE, and
1 Q2 2
n—zzzwdxwml +£[_n_zz (d,w)(d,p)+k? [ = jww}dx 0 (5.2)

for TM polarization, with w, Q, 6Q1,and 0Q2 denoting the weight function,
computational interior domain, lower, and upper computational boundary, respectively.
For notational simplicity, ¢ has been used to denote both the E, in eq. (5.1) and H, in
eg. (5.2). By discretizing the interior domain  into N elements, eq. (5.1) and (5.2) can
be written as

N
Al + 2 [ [~ (dew)(d,p) + K3 (n, =g Jwep dx =0 (5.3)

e=lq

e

and
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—wd,p

2
24

3] {—%(dxvv)(dxw)ws (1—%wa}dx -0 64

o1 &=l Ny X

respectively. Approximating the function ¢ in the interior domain by interpolation of
first-order-polynomial basis functions, for each element e, we can write

2
- T
(pe ~ (/’e = Z Nl,e(pl,e = |:N1,e Nz,e:“:qol,e wz,e:l (55)
1=1
with basis functions
X=X
N, =1-—2* 5.6a
le AXe ( )
X=X
N, =—2 5.6b
2.e AX ( )

and AXe=Xp¢-X1¢ as the local mesh size. Subscripts 1 and 2 in eq. (5.5) and (5.6) denote
the local node number within the element. By substituting (5.5) and (5.6) into (5.3) and
(5.4), using the same basis functions as the weight functions, we can express the
approximation to eq. (5.3) and (5.4) in matrix equations

C™ {p}+(A™ —n% B™){p} ={0} (5.7)
and
C™{p}+(A™ -nZB™ ){p} ={0} (5.8)

respectively, where A™5, B'™, A™, and B™ are sparse tridiagonal matrices that result
from the evaluation of the corresponding integral terms within eq. (5.3) and (5.4),
while C™® and C™ are matrices associated with the boundary terms. Here

{(0} = [(01---(0N+1]T (5.9)
where the subscript denotes the global node number, are column vectors representing
the discretized y-component of the electric field for eq. (5.7) and magnetic field for eq.
(5.8) at nodal points.

5.2.2. Boundary conditions

In order to handle both guided and leaky modes, the boundary conditions should allow
light with either evanescently decaying or oscillatory outer transverse profile to
transparently passes the computational boundary. To do this, we incorporate the
Sommerfeld-like radiation conditions and allow the transverse wave number to have
complex value.

By assuming the field to have a time dependence of exp(iwt), we impose
Sommerfeld-like radiation conditions at the computational boundaries for waves
coming from within the computational domain interior as follows
(d, +ik,)e(r)=0 (5.10)
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with r denotes the length of ', a position vector pointing outward, and k; denotes the
transverse wave number. Condition (5.10) gives following Dirichlet to Neumann (DtN)
map at the computational boundaries

dp=rfeXdp=-ik (feX)p (5.11)
with the hat (*) symbol denotes unit vector. The transverse wavenumbers at the
computational boundaries obtained from the wave equations (4.1) and (4.2) are

nZZ
i for TE and k, = kon—1/an —-n%

XX

2 2
K, =Ky+/Ny, — N

; W for TM, for structures with a

0!

0Q
homogeneous exterior domain. By using DtN (5.11), the non-zero entries of matrices
C™ and C™ can be determined as follows.

TE _ ;i ; 2 2
ot =ik, |, =—ikyns, —nk | (5.12a)
0!
TE ; ; 2 2
Cnianes =1 kr|p,m =ik, Ny —Neg (5.12b)
a2
2 2
o1 oA Mo Neg
Mo Lk | =ik Ve (5.12¢)
prd 201 nxxnzz o1
2 2
21 oA Mo Neg
™ XX e
Cranas = —h— K| = —iky=—— (5.12d)
prd 802 nxxnzz

Since the ne as the eigenvalue of the matrix eigenvalue equations (5.7) and
(5.8) also resides within matrix C, the matrix eigenvalue equations become non-linear.
This kind of equations can be solved using linearization by simple iteration scheme, i.e.
by using ne from the previous iteration for evaluation of terms within matrix C.
Hence, within each iteration, the problem can be solved using linear matrix eigenvalue
solver. In this work, we have used ARPACK that implement implicitly restarted
Arnoldi method as the eigenvalue solver. To be able to model both guided and leaky
modes, the sign of the square root within eg. (5.12) should be correctly chosen at each
iteration step to fulfill the physical conditions. At a boundary where the wave should
leak-out (i.e. at high index substrate/cladding for the leaky mode case), the sign of the
square root is chosen to give Re(k,)>0, which is associated to Im(ng)<0 for forward
propagating leaky modes as has been explained in Section 1.2. At the boundary where
the wave should decay, the sign of the square root is chosen to give Im(k,)<0.

5.2.3. High-order extension

By using the first-order-polynomial basis functions as described in section 5.2.1, the
scheme will give 2"-order accuracy in nes. As has been shown in previous chapter, 4"-
order accuracy can be obtained by simply combining results of single- and double-
sized mesh in evaluating the integral within FEM scheme using a Richardson-like
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extrapolation. Below, we generalize the scheme to obtain even higher (4"-, 6™-, 8"-,
etc.) order accuracy while keeping the simplicity of the scheme described previously.

For element located between global nodal point j (at x;) and j+1 (at X;+1), using
Taylor’s expansion around X i it can be shown that approximating the function with

an interpolation of first-order-polynomial basis functions will produce errors of
F — If_lin

3 5 7
1o = Fyia +AXGer, (xi+%)+ijerr5 (xj+%)+ Axjerr, (xj%)

+AXSert, (xj% ) +... (5.13)

lin

where F; ;, and IfH+1 denote the exact and the linear-approximate value of the

integral terms of eq. (5.3) and (5.4) within the element, respectively, while err, (Xj+l)

is just a short form notation for the function related to the k™-order error terms
evaluated at x;,. After summation, for uniform meshes, the global error of

approximating eq. (5.3) and (5.4) will be just 2"-order as follows.
Fiva= lflllr;u am 0 (AXZ) (5.14)

with F_,,, and Iflﬂn,MAx denoting the exact and approximate (using Ax-sized meshes)

value for the integral over the whole interior domain. Hence, in order to get 4™-order of
accuracy, we should get rid of the 3"-order error term within each integration interval.
Similarly, to get 6™-order accuracy, we should eliminate the 3"- and 5"-order error
terms. In this chapter, we use Richardson-like extrapolation by combining integration
results from meshes with different sizes to get high-order of accuracy while still using
the simple first-order basis functions.

By using integration results from Ax-sized and 2Ax-sized meshes, 4™-order
accuracy can be achieved by Richardson-like extrapolation as follows
Fini = 3R an 3t Riaom +AX° Y [-Berr (X )+10,erm(x )] +hot. (5.152)
1=2,4,..N

Fina =% FIEnN T3 'flT:\HLZAx +0 (AX4) (5.15b)

In eq. (5.15a), the index | denotes the middle grid point of each group of 2 meshes of
AX size while axxerr‘,,(x,)zaxxerr‘,,(x)|X and h.o.t. denotes the higher order terms.

Since there will be Q/(ZAX) number of these groups of meshes, the order of accuracy
will be 4™-order. Similarly, by using Ax-sized, 2Ax-sized, and 4Ax-sized meshes, 6"-
order accuracy can be achieved by

Fina = % F1|+mN +LAX _% F1|+mN +1,24x +% Fl!?\l +1,4Ax

A Y [256err (x,) —20,,erm (x,) + %00, (x )]+ hot. (5.16a)
N-1

45 ™ XXXX
1=37,..,

_ 64 lin 20 = lin 1 = lin 6
Fina= 5 Fl%NJrl,Ax T F1+N+l,ZA>< t Fl%N+1,4Ax +0 (AX ) (5.16b)
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with index | denoting the middle grid point of each group of 4 meshes of Ax size. Using
Ax-sized, 2Ax-sized, 4Ax-sized, and 8Ax-sized meshes, 8"™-order accuracy can be

obtained by
_ 4096 = lin 1344 ¢ lin g4 r=lin 1 lin 8
Fina = 285 F1+N+1,Ax T 2835 F1+N+l,2Ax + 283 Fl+N+l,4A>< 2835 F1+N+l,8Ax +0 (AX ) (5.17)

A, Axg, Ay
AX, =X, AX, =AX, Ax, =AX,
“— a4 > “—
12 P Ax-sized meshes g N+1

2A%, 20%, + 20X, 2Ax, 4 20X, 24x,
+— —I— —— —
2Ax-sized meshes
4AX, 4AX, 44X, 44X, 40X, 44X,
—> ¢ > < > —
® Q----@ 4 ®---@ 4 ®----@ ®
H ! 4Ax-sized meshes ! !
; matérial eri '

o0, ! .materlal o0,

interface interface

4t_order 6th-order

(b)

Figure 5.1. Richardson-like extrapolation with mesh-adjustment scheme: (a). meshes
for 6™-order scheme, (b). matrix structure for 4™-, 6"- and 8"™-order
scheme (black dots denote the non-zero matrix entries).

Since the integral terms will contribute only to matrices A and B, the final
way of implementing the Richardson-like extrapolation is just a matter of
multiplication of scalars with sparse matrices and addition/subtraction operation of
sparse matrices before eigenvalue computation. Since the right hand side (rhs) of eq.
(5.7) and (5.8) is just a null vector, the matrices can be scaled by multiplying them with
the denominator occurring in eq. (5.15)-(5.17) to get more convenient integer
coefficients for combining the matrices. Moreover, since the integrations only differ in
their interval sizes, the same expressions for evaluation of matrix entries can be reused
by just plugging in the proper mesh sizes. It should be noted here, that since iteration is
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used to solve the non-linear matrix eigenvalue problem, the convergence depth will
also limit the number of digits of accuracy. In the implementation, we have used
convergence depth of 10™ in ne? which is more than enough for most practical
applications. Besides, the expected order of accuracy will only be effective if the mesh
size is small enough to effectively exclude the effect of the higher order terms within
eq. (5.13) for all mesh sizes being used in the extrapolation. Also, since the coefficients
within the summation of eq. (5.16a) are larger than that of eq. (5.15a), the 6"-order
scheme will only be more accurate than the 4™-order scheme if the mesh size is small
enough to compensate the effect of these coefficients. The same thing holds for any
higher order scheme compared to the lower order one. We are aware that this fact
might limit the benefits of further higher order extension.

To let the Richardson-like extrapolation works properly, none of the
integration intervals should cross material interfaces. Generalizing the mesh-
evenization scheme that we reported in previous chapter, the number of Ax-sized
meshes within each layer of the structure should be adjusted to be integer multiple of
292 with Ord denoting the expected order of accuracy, and interfaces should
coincide with nodal points. Figure 5.1 illustrates this simple and easy to implement
mesh-adjustment scheme and their corresponding matrix structure. It should be noted
that due to different mesh sizes between terms in eq. (5.15)-(5.17), the combined
matrices will not be tridiagonal anymore, but of the form as shown in Fig. 5.1b.

5.3. Computational results

The ability of the scheme to compute guided modes will be demonstrated using a
sample with an exponential permittivity profile, for which exact solutions are available.
ARROW structures, either isotropic or anisotropic structures will be used as samples to
demonstrate the ability to compute leaky modes. Finally, computational results for an
anisotropic graded index buffered leaky waveguide, a Bragg, and a hollow waveguide
will be presented.

5.3.1. Guided modes

As the first sample, we take a waveguide with the following relative permittivity
profile:

n?(x) =nZ +2nAexp(—|x|/d) for x<0 (5.18a)
n*(x)=n’ for x>0 (5.18b)
where d denotes the effective depth of the exponential profile. The calculated

normalized propagation constants using the present scheme as well as the exact values
for ng=2.177, n.=1 (air), A=0.043, and V =k,d/2n,A =4, are presented in Table 5.1.
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The computation is carried out for A=1um and a computational window of W=9um
with the upper computational boundary located exactly at the waveguide-air interface.
The exact values of the effective indices for TE polarization were calculated using the
exact dispersion relation given by Conwell [20]. As shown in the table, the results
approach the exact values either by using finer mesh or higher order scheme for coarse
mesh.

Table 5.1. Computational results of structure with exponential permittivity profile.

2 2
b:(neff —n’ )/(ZnSA)
Present scheme Present scheme Exact
(W=9um, 900 meshes) (W=9um, 40 meshes)
2"-order 4™_order 2"-order 4™_order 6"-order
TEOQ 0.321176 0.321179 0.319757 0.321065 0.321134 0.321179
TE1 | 0.053969 0.053972 0.052618 0.053823 0.053942 0.053972
TMO | 0.300843 0.300846 0.299536 0.300716 0.300794 -
TM1 | 0.046947 0.046950 0.045761 0.046807 0.046917
Air 2nd cladding g 4| | 1st cladding
> n
\ 2 core
Sio =
4 s J
i n n
N Sio, i : 2
° - ne

si  sio, si S0, A

o d ot

@) (b)
Figure 5.2. The isotropic ARROW sample: (a). structure and (b). refractive index
profile.

5.3.2. Isotropic ARROW structure

As an isotropic ARROW structure, we take the same structure as the one calculated by
Kubica et al. [12] and Liu et al. [19]. The structure is as shown in Fig. 5.2 with ns=3.5,
n;=1.45, n,=3.5, ngz=1.45, n.=1, d;=2.0985um, d,=0.1019um, and dz=4um. The
computation was carried out for a vacuum wavelength of 1.3um. The calculated results
for the first-two leaky TE and TM modes are given in Table 5.2 where subscripts L
indicate that the modes are leaky modes. The table shows agreement between results of
present scheme with the published data. The effective mesh size being used in the table
is defined as

1 N 1/0rd
=3 A (5.19)
N j:l

AX
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This definition is based on the expectation that the error within each element will be
O(AX°™) and the fact that the mesh sizes vary slightly due to the mesh-adjustment
scheme. This structure will be studied in more detail in Section 5.4.

Table 5.2. Computational results of the isotropic ARROW sample

Mode Present scheme (6™-order) T™MM Simplified TMM
(W=9.2um Axe#=0.01um) (Kubica et al. [12]) (Liuetal. [19])
Re(Nesr) Im(negr) Att. Re(Nesr) Att. Re(nesr) Att.
(x10%) (dB/cm) (dB/cm) (dB/cm)

TEoL 1.44170845 | -0.00060491 | 0.253944 | 1.4417085 | 0.25 1.4417085 | 0.25
TE1L 1.41759871 | -0.97220073 | 408.1377 | 1.4176 407 1.41798 270
TMoL 1.44130390 | -0.12983415 | 54.50543 | - - - -
TMy1 1.42164054 | -5.30958274 | 2229.006

5.3.3. Anisotropic ARROW structure

For the anisotropic ARROW sample, we take the same structure as the one studied by
Chen et al. [13] using TMM. The structure is a 5-layer ARROW with isotropic
substrate and cover, but with anisotropic inner layers. The refractive indices for layers
counted sequentially from substrate to cover are ns=3.85, n,;=1.46, n,;»=2.3, n,;3=1.46,
n=1. For the anisotropic inner layers ny=n,,;=1.03n, for i=1,2,3. The vacuum
wavelength A is 0.6328um. The thicknesses of the anisotropic layers are d;=3.152,
d,=0.142), d;=6.3A. The calculated results for the first-five TE and TM leaky modes
are given in Table 5.3 for the 4"- and 6™-order scheme using effective mesh size of
0.005um, with upper computational boundary positioned at the surface of the structure
(interface between layer 3 and air cover) while the lower one at 0.5 um into the
substrate. This mesh size has been chosen in order to represent the thin layer with a
sufficient number of meshes. In addition to modes quasi-confined within the second
cladding and the core of the ARROW structure, i.e. layer 1 and 3; our scheme also
captures those leaky modes resonance within the first cladding, i.e. the thin anisotropic
layer with second highest refractive indices. Although these modes (TEy; and TMg in
the table) resonance in the 1% cladding, their losses are very low, since their fields
decay very fast in the 2" cladding due to the large difference between their effective
index and the refractive index of the 2" cladding. For these modes, the structure
behaves as a buffered leaky structure, while for other modes it works as an ARROW
structure.
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Table 5.3. Computational results of the anisotropic ARROW structure.

Present scheme TMM
4™-order 6™-order (Chen et al. [13])
Re(ng ) Im( Ny ) Re(ny ) Im( Ny ) Re(ng; ) Im( Ny )
(x107%) (x107%) (x107%)
TEo, 1.867833649 | -0.000000000 1.867833876 | -0.000000000 - -
TE;L 1.501798936 | -0.000050179 1.501798936 | -0.000050179 1.501798936 | -0.000050179
TE,.L 1.495945498 | -0.053815080 1495945499 | -0.053815130 1.495945499 | -0.053815143
TE;. 1.495255343 | -0.184243985 1.495255344 | -0.184243812 1.495255344 | -0.184243873
TE4. 1.485698163 | -0.004051177 1.485698165 | -0.004051177 1.485698165 | -0.004051178
TMoL 1.632729635 | -0.000000004 1.632729919 | -0.000000004 - -
TMy L 1501625054 | -0.002544521 1.501625054 | -0.002544520 1.501625054 | -0.002544521
TMy, 1.495287894 | -0.576100220 1.495287895 | -0.576101327 1.495287895 | -0.576101022
TMs. 1494855075 | -1.189341232 1.494855077 | -1.189338782 1494855078 | -1.189339701
TMyL 1.484121305 | -0.197863266 1.484121307 | -0.197863148 1.484121307 | -0.197863211

5.3.4. Anisotropic graded-index buffered leaky waveguides

To demonstrate the ability of the scheme to model anisotropic leaky planar waveguide
with arbitrary refractive index profile, we take a full Gaussian buffered leaky
waveguide made by silicon oxynitride. The refractive index profile of the structure is
given in Fig. 5.3. The refractive index of the silicon substrate is ns=3.476, while the
refractive index profile of the anisotropic graded index SiOxNy is

N, :n,0+Aexp[—(x—x0)2/d2] (5.20)

With Nigx=Nioyy=Nio z=1.45, Aw=0.1, Ayy,=A,,=0.098, and d =0.5um. The cladding of the
structure is air with n;=1. The position of the peak of the SiO«N, index profile from the
waveguide-air interface is d, =2um, while d; being varied from 2 to 8 um. The
computational results by taking a vacuum wavelength of A=1.55um, using
computational window size of just d;+d, with the computational boundaries put exactly
at the SiOxN, — Si and SiOxN, — air interfaces and an effective mesh size of 0.05um
using 4™-order scheme are given in Table 5.4. In this table, d;=oo denotes a simplified
structure by neglecting the silicon substrate but calculated using finite computational
domain width with the lower boundary put at 8um from the peak of the Gaussian
profile. It should be noted, that since our boundary conditions assume a homogeneous
exterior domain while this simplified structure has inhomogeneous exterior domain,
the error in representing the field at the boundary will also limit the accuracy. Also
note that the losses decrease while the real part of the effective indices approaching the
results of the simplified lossless structure as the thickness of the buffer d; is increased.
Hence, the simplified lossless structure model can be used to approximate the leaky
structure for thick enough buffer.
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Figure 5.3. Refractive index profile of a Gaussian SiO,N, buffered leaky structure.

Table 5.4. Computational results of the Gaussian SiO,N, leaky structure.

d; (um) Polarization Re(Nerr) Im(ne) (x107%) a (dB/cm)
2 TE 1.4876498 -0.0984765 34.673298
™ 1.4865629 -0.4558552 160.505289
4 TE 1.4880960 -0.0004157 0.146365
™ 1.4867917 -0.0021471 0.755969
8 TE 1.4880980 -0.00000001 0.000003
™ 1.4867929 -0.00000005 0.000018
0 TE 1.4880980 0 0
™ 1.4867929 0 0

5.3.5. Planar Bragg and hollow waveguides

We also apply the FE scheme to study planar Bragg [21] and hollow

waveguides as depicted in Fig. 5.4. Here, the term hollow does not mean that the core
is air or vacuum, but a medium with a lower refractive index than the cladding. We
pick up a Bragg waveguide with similar parameters as the one analyzed by Litchinitser
et al. [22] and take a hollow waveguide of comparable size. The 10-period Bragg
gratings that act as claddings at each side of the Bragg waveguide, have a period of
A=5um with a refractive index of n,=1.8 and n,,=1.4 and thickness of high index layer
of dy=3.437um. With a defect of missing 3 grating periods, the width of the low index
core of the waveguide is dee=4A-dy. The associated hollow waveguide has the same
width of the low-index core with a homogeneous high-index cladding with refractive
index ny; at both sides.
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Figure 5.4. The refractive index profile of (a). the Bragg and (b). the hollow

waveguide.
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Figure 5.5. Attenuation due to confinement loss of the Bragg and the hollow

waveguide as function of wavelength for TEy; mode.
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Figure 5.6. The transmittance of TEy,. mode in (a). the Bragg and (b). the hollow

waveguide with a length of 5 cm.
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Figure 5.7. The mode profiles of (a). TE,, (b). TE; . of the Bragg, and (c). TE,, and
(d). TEy, of the hollow waveguide for A=1xm. The plotting windows have
been chosen equal to ease the comparison.

The confinement loss and the associated transmittance curves for the
fundamental TE mode of both waveguides for wavelengths spanning from 0.6 to 15
um are given in Fig. 5.5 and 5.6, whereby we have neglected the material chromatic
dispersion. The figures show that the leakage of power in the hollow waveguide
steadily increases for increasing wavelength due to the decrease of the field
confinement, while for the Bragg waveguide at certain wavelengths where the modal
transverse wavenumber is near to the Bragg wavenumber of the grating, the grating
helps to decrease the leakage. Fig. 5.6a is qualitatively similar to the results of BPM
simulation given by Litchinitser et al. [22]. At some part of the curve, Litchinitser et al.
got a lower transmittance, which we believe comes from the low overlap between the
Gaussian excitation field used by them with the mode profile of the waveguide,
especially to the wave-like tail of the mode profile. The mode profiles of the two-first
TE modes of both structures at wavelength 1um are given in Fig. 5.7. Mode profiles of
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TM modes have similar features and hence are not shown here. The figure shows that
the mode profiles and real part of the effective indices of the two structures are similar,
but with much lower leakage loss of the Bragg waveguide. This similarity comes from
the fact that they both comes from resonance resulted by almost similar resonance
center, i.e. the core. Note that the field plotted in Fig. 5.7 and also elsewhere in this
chapter has been adjusted by a phase factor such that the real part of the field be
dominant. This phase factor is determined by the phase at nodal point where the
complex field takes its largest magnitude.

5.4. Detailed study of ARROW structures

To study the properties of ARROW structures, we take the isotropic ARROW as in
Section 5.3.2, and compare the calculated results of the full (original) structure (Fig.
5.8a) with two simplified structures (Fig. 5.8.b and Fig. 5.8.c). The structure
parameters have the same values as in Section 5.3.2, unless when stated otherwise.

2nd-cladding . .
n. ->| |<-d2 15-cladding _,| |<—d2 5 dz"l e

n, n N

\ core 2 2
n, ¢ n, n=n, n, n, n=n,

. [~

si sio, Si S0, Arr si0,Si SO, Air Si sio, Si SiO,

M MR S R i

@ (b) (©

Figure 5.8. Refractive index profile of the isotropic ARROW sample: (a). full
structure, (b). simplified structure with ng=n;, and (c). n;=ns.

Figure 5.9 and 5.10 present the real part of the ne for the first-ten leaky
modes as a function of the thickness of 2" cladding d; and core layer ds, respectively.
The solid line curves of Fig. 5.10a have also been presented by Kubica et al. [12] and
agree well with these. The figures show unusual dispersion curves due to the anti-
crossing between modes, which have a strong (dispersive) and a weak (non-dispersive)
dependence on the variable of the horizontal axis of the curves. This phenomenon can
be intuitively explained by comparing the dispersion curve plot of the full structure
with the simplified structures as shown in Fig. 5.9a and 5.10a for TE polarization.
Results for simplified structure with ng=n; (Fig. 5.8b) and n.=n; (Fig. 5.8c) are shown
as crosses and circles, respectively. For clarity, only modes of the full structure were
labeled in these figures, ordered by their Re(ng). The transitions between the
dispersive and non-dispersive part of the full structure curves take place around the
crossings between dispersion curves of the two simplified structures. For TM
polarization, the anti-crossing effect is that strong so the relation between the curves of
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the full and those of the simplified structures is more difficult to be recognized. Hence,
for TM, we present only the plots for the full structure.

1.48 . r .
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Figure 5.9. Dispersion curves by varying d; of the isotropic ARROW structure: (a).
TE (b). TM. Other parameters are as in Section 5.3.2.
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Figure 5.10. Dispersion curves by varying ds of the isotropic ARROW structure: (a).
TE (b). TM. Other parameters are as in Section 5.3.2.



Chapter 5

n_, =1.4417 n_ =-0.00060491X10~> Attenuation:0.25394dB/cm (TE) s n_, =1.4176n_ =-0.9722X10" Attenuation:408.14dB/cm (TE) 5
et et %10 et et 10
0.1, - 0.1 v
/.
(point A) (point B)
5 ~ 3 =
& 43 3 3
~ o o
o S 5 &
g zd 2
£ 2 E
g £3 £
] I T {
2 2@ 2
|
i )
; \
; .
‘ 5\
; \ ‘ .
-0.0 0 -0.05 0
(] 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9
X (um) X (um)
@ (b)
- » -3 :
n,, ~14165 n_ =-1.111X10°® Attenuation:466.4dB/cm (TE) N Ny, =1:3738 1 =-0.048966X10"* Attenuation:20.556dB/cm (TE)
" i 10 0.1, 0.01
0.0
0.06 5
(point C) (point D)
El ~ = =
o 5 o ]
< 0.04 4 i < S
= N
o > o 2
£ . @
E o0 32 § 0 o S
= g2 = ‘ <
g = @ : 5
& off 2 2 P I
I I i Do
: P
! ' ! 1 1 H
-0.02 1 i v L f
i v v l
! v Ve B
0.1 d 2 e S}
-0.04 k== 0 ~ ==
0 9 0 1 2 3 4 5 6 7 8 9

(d

Figure 5.11. Mode and intensity profiles of (a). TEy,, (b). TEy, (c). TE;., and (d).
TE3, modes of the full structure, which correspond to point A to D in the

curves, respectively.



Simple high-order Galerkin finite element scheme for guided and leaky modes computation ...

97

Full Structure
TEo.L (non-dispersive w.r.t. dy)

Simplified Structure
TE,, of structure with ng=n;

Neit. ’21.4417 Negt |:-0 0023533X10°° Attenuation:0.98794dB/cm (TE) 10,3 nemil.4417 nEft‘:f[).012474><10’3 Attenuation:5.2365dB/cm (TE) 10,3
01 . 0 01 3
(point E) " (point E) .
—~ el [
45 g 005 43
& = s
> o 2
E = €
) -
21 o B 2
| |
I : L
i \ H \
' i ; i
‘ \ ' '
: T : [}
‘ ' i '
-0.05 = 2 : o -0.05 — ~ o
0 2 4 6 8 10 12 -2 0 2 4 6
X (um) X (um)
(@ (b)
TE; . (dispersive w.r.t. dy) TEo,. of structure with n.=n;
N, =1.438n_ =-0.44193X10"° Attenuation:185.53dB/cm (TE) s . )
eftr efti >g1150 n_ =1.4381n__ =-0.4706X10"° Attenuation:197.56dB/cm (TE)
0.1, - . ot o
0.15 0.02
(point F) .
0.08F 6.25 (point F)
- - 0.1
f=) —

5 o - s 3 —
& 0.06 5 g : 3
= = S

‘B>
T 2g 2
E ooy P75 2 E oos %
= EES £
) A £
T 0.02} s % 1
@ - ’ 3 !
off
o\ {125
; \
~0.0 - = o -0.
0 2 4 6 8 10 12 005 12
X (um) X (um)
() (d)
TEy, (dispersive w.r.t. d) TE, . of structure with n=n,
n_ =1.4166n__=-0.012658X10"° Attenuation:5.3141dB/cm (TE) n_ =14166n__ =-0.10047X10"° Attenuation:42.179dB/cm (TE)
et et ot et
0.1 0.01 0.1 T 0.01
(point G) (point G)
e} -~ 3 -

5 3 5 3
< a < g
E 2 E o 2
= g = 2
= £ = £
> = =
= . @ 1
[ . .
z, [ g‘ |

9 -0.1 L L 0
12 -2 0

Figure 5.12. Mode and intensity profiles of the full structure (left column) and the

corresponding simplified structures (right column) for d;=3.5zm. The
figure at the 1%, 2", and 3" row correspond to point E, F, and G in the
curves, respectively.



98 Chapter 5

— Full structure
4+ °° ° Structure with nc=n3

Attenuation (dB/cm)

Attenuation (dB/cm)

4 5
d1l(um)
®)

Figure 5.13.  Attenuation as function of d; of the isotropic ARROW sample: (a). TE
(b). TM. Other parameters are as Section 5.3.2.
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Figure 5.14.  Attenuation as function of d; of the isotropic ARROW sample: (a). TE
(b). TM. Other parameters are as in Section 5.3.2.

The core modes (i.e. modes which resonate in the core layer) should exhibit a
weak dependence on the 2"-cladding thickness (d,), but strong dependence on the core
thickness (ds). Hence, they are located at the flat and curved parts of the curves in Fig.
5.9a and Fig. 5.10a, respectively. For 2"-cladding-resonance modes (i.e. modes which
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resonate in the 2"-cladding layer), this is the other way around, hence situated at the
curved and flat parts of the curves in Fig. 5.9a and Fig. 5.10a, respectively. If their
effective indices are nearby each other, they become phase-matched, and hence
strongly coupled, which shows up in the anti-crossing phenomenon. Hence, the
unusual dispersion curves come from the anti-crossing between the core and the 2"-
cladding-resonance modes. This becomes clearer if we plot the field profiles related to
point A to G in the curves. Fig. 5.11 shows the mode and intensity profiles of TE, to
TEj3, of the full structure which correspond to points A to D in the curves, respectively.
It is obvious that fields corresponding to points A and D, which are located far enough
from the anti-crossing region and situated at the core-mode region of the curve, are
strongly confined within the core layer and associated with the 0"- and 2™-order core
modes, respectively. Contrary, fields corresponding to points B and C, which are
located at the anti-crossing region, correspond to a mix between 1%-order core and 0"-
order 2"-cladding-resonance mode. Fig. 5.12 compares the mode and intensity profiles
of modes of the full structure (at the left column) with those of the simplified structures
(at the right column) corresponding to points E to G, all far enough from the anti-
crossing regions. The figure shows similarity between mode profiles of the full
structure with those of the simplified structures at the same point. It is obvious that
fields at point E and G corresponds to the 0" and 1%-order core modes, respectively,
while fields at point F associated with the 0™-order 2"-cladding-resonance mode.

Modes of TM polarization are less confined than their TE counterpart. This
means that more significant amount of power of the core modes will penetrate into the
2"_cladding, and vice versa for the 2"-cladding resonance modes. This leads to
stronger coupling between core and 2™-cladding resonance modes as shows up in the
wider anti-crossing gap. That is why the relation between curves of the full and the
simplified structures becomes more difficult to be recognized for TM modes.

Figure 5.13 and 5.14 show the attenuation of the first-ten modes of the
ARROW as function of d; and ds, respectively. Figure 5.13a and 5.14a show that the
top of the attenuation curves corresponds to the attenuation curves of structure with
nc=ns, i.e. those related to the Z"d—cladding resonance modes. Since their resonance
center is located nearer to the high-index substrate, they are more leaky than the core
modes.

The working principles of the ARROW can also be understood from Fig. 5.9-
5.10 and 5.13-5.14. The structure as in Section 5.3.2 is designed with the 1%- and 2"-
cladding layer operate in 0™-order anti-resonant condition for the fundamental TE core
mode. This corresponds to the vertical dashed line indicated by M=0 in the figures. For
this condition, the loss of TEy, (point A) is very low due to the high reflection of the
cladding layers. For the 1%-order TE core mode, the 2"-cladding layer operate in
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resonance condition (since this mode is located at the anti-crossing region, i.e. point B
and C), hence this mode is relatively leaky due to the low reflection of the 2"-cladding
layer. However, for the 2"-order core mode (point D), the 2"-cladding again operates
in the anti-resonant condition, but the 1%-cladding does not, producing a confinement
loss which is smaller than the 1%-order core mode, but greater than that of the
fundamental core mode. This creates loss discrimination between modes, which is
required for effectively single-mode operation. Besides, it is also possible to choose the
thickness of the 2"-cladding layer in order to let it operated in the 1%-order anti-
resonant condition for the fundamental TE core mode, which is denoted by the vertical
dashed line indicated by M=1 in the figures. For this setting, the confinement loss of
the fundamental TE core mode is also very low (point H). However, the real part of its
effective index is rather close to the 2"-cladding-resonance mode, hence the
performance of this structure might be rather sensitive to fabrication imperfections. It
should be noted that for this setting, the fundamental TE core mode is not the lowest
order mode, but the TE;, due to the existence of a Z"d—cladding—resonance mode with
Re(ns) of higher than the one of the core mode.

Fig. 5.14a also shows that beyond point A, we still can decrease the
confinement loss of the fundamental TE core mode by enlarging the core size.
Although for this condition, this mode is not optimally located at the anti-resonant
region of the two cladding layers, the loss is lower due to the higher degree of
confinement of the field within the core layer. However, the loss of higher order core
modes also gets lower, resulting in a poorer single-modeness condition.

5.5. Conclusion

A simple high-order Galerkin finite element scheme is reported for the computation of
both guided and leaky modes of anisotropic planar waveguides with a diagonal
permittivity tensor. Transparent boundary conditions based on the Sommerfeld
radiation conditions are used to model the field at the computational boundaries, both
at the one where the wave should leak and at the one where the wave should decay.
Richardson-like extrapolation and mesh adjustment scheme are used to extend the
order of the scheme while still keep its simplicity. The scheme was demonstrated using
various guided- and leaky-wave structures. Using the scheme, we also performed a
detailed study on ARROW structures.
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Chapter 6

Finite element and perturbative
study of buffered leaky

planar waveguides

The effects of the existence of a high-index medium in the proximity of the
planar waveguiding structures that makes up buffered leaky waveguides
are studied using the finite element method (FEM) leaky mode solver and
a perturbation method. Various aspects of the effects are obtained through
FEM computations, while the interpretations of the observed phenomena
are carried out through the approximate analytical expressions derived
using the perturbation method. The effect of the buffer layer thickness, the
high-index-medium refractive index, and the quasi-confinement of the
modal field are investigated. A two-parameter formula is used as a
convenient way to characterize those effects on the leakage loss. The
results show that the perturbation due to the high-index-medium does not
always lead to an increase in the real part of the effective index, but can
also decrease this quantity as well. Similarly, the leakage loss of a TE-
polarized mode is not always lower than TM-polarized mode of the same
order. It is found that as the refractive index of the high-index medium
goes to infinity, a leaky-wave structure evolves into a guided-wave
structure.

This chapter is adapted from:
H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Finite element and perturbative study of buffered
leaky planar waveguides,” (submitted for publication).
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Finite element and perturbative study of

buffered leaky planar waveguides

6.1. Introduction

Optical waveguides made on semiconductor substrates are widely used, benefiting
from the wide availability of such substrates. In addition, the fabrication of these
waveguides shares the well-developed processing technologies used also by other
disciplines, such as microelectronics and micro-electromechanical-systems (MEMS).
Waveguides made on a low-cost silicon substrate are examples of such structures.
Unfortunately, the refractive index of this substrate is high, while materials, which are
compatible with this substrate and often used for making up waveguides, such as
silicon oxynitride, silicon nitride, or silica, have lower refractive indices. One way to
deal with this is by placing another material with a lower refractive index between the
waveguiding structure and the high-index substrate. This so-called buffer layer isolates
the light in the waveguiding structure from the substrate. Various functional integrated
optical circuits [1] can be made using this approach, including those that exploit the
specific properties of these structures like waveguide polarizers [2]. Besides
waveguides made on high-index substrates, the existence of a high-index component in
the proximity of an ordinary waveguide also creates a buffered leaky waveguiding
structure. Such situations occur in case of a prism-loaded waveguide [3], a waveguide
tuned by high-index material overlaid on top of it (see e.g. Section 7.3.4), or an optical
MEMS movement sensor [4]. In the last three cases, either air or index-matching oil
can be regarded as the buffer layer. Fig. 6.1 shows some examples of buffered leaky
planar structures.

Such structures are generally leaky, as they used to possess structure-induced
loss, known as leakage loss, even when composed of lossless materials. If the buffer
layer is sufficiently thick, a simplified lossless structure by neglecting the existence of
the high-index medium can be used as a good approximation to the complete leaky
structure.

However, the knowledge about the effect of the high-index medium in the
proximity of the waveguiding structure is indispensable. For waveguides made on
silicon substrate, for example, the buffer layer is usually made either through thermal
oxidation of the silicon wafer or deposition of a SiO, layer. Since the thickness of this
oxide layer is related to the duration of the oxidation or deposition process, knowledge
about how this thickness will affect the waveguiding and loss properties of the
structure is important so as to be able to choose a just sufficient thickness of that layer
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in order to reduce the machine occupation time and related costs. In addition, an oxide
layer that is too thick could bring mechanical problems such as wafer-bowing or layer-
cracking. For the prism-loaded waveguide, the high-index-overlaid waveguide, the
MEMS movement sensor, and the waveguide polarizer, knowledge about the high-
index-medium proximity effect is essential, since it forms the basis of the working
principle behind the structures.

upper cladding

high-index prism
core 9 P

index-matching ol

buffer layer core

N low-index substrate
high-index substrate

(a) (b)

3 e o
overlaid cladding

air gap air gap

core core

. low-index substrate
low-index substrate

© (d)

Figure 6.1. Examples of buffered leaky planar waveguides: (a). a waveguide made on
a high-index substrate, (b). a prism-loaded waveguide, (c). a high-index-
overlaid waveguide, and (d). an optical MEMS movement sensor.

Although many mode solvers [5-9] can calculate the leaky modes of such
structures, so far only few efforts have been put into the comprehensive study of the
effect of the high-index medium in the proximity of a waveguiding structure. Lu et al.
[8] derived analytical dispersion equations for a 4-layer buffered leaky waveguide,
solved it numerically, and used that to study the effect of the buffer and upper-cladding
thicknesses on the leakage loss and the real part of the effective indices. In this chapter,
the leaky mode solver based on Galerkin finite element method (FEM) reported in the
previous chapter is used to study rigorously the effect of the high-index medium
proximity to the waveguiding structures. Approximate analytical expressions of that
effect are obtained by a perturbation method, and used to interpret phenomena, which
are observed numerically.

6.2. Description of the methods used in the study

In this chapter, we consider planar waveguides composed of lossless dielectric
materials whereby a high-index medium constitutes one of their semi-infinite
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outermost cladding/substrate. Without that high-index medium, the structures are
lossless guided-wave structures.

6.2.1. FEM leaky mode solver

By using the Galerkin FEM scheme furnished with Sommerfeld-like transparent
boundary conditions, we can compute the guided and leaky modes of such structures.
Through the mode indices and field profiles, we can study the effect of the high-index
medium to the waveguides. The detailed explanation of the FEM scheme has been
given in the previous chapter, and so will not be repeated here.

IIIIIIIIIIIIIiiiiiiiiiiiiiiiiiiiiiic } upper cladding (u) IIIIniIiiiiiiiiiiiiiiiiiiiiiiiiiz }quer cladding (x)
core film (/) core film (/)
_______________________________ /
W buffer layer (b) \ buffer layer (b)
< >
high-index medium (%)
(a) (b)

Figure 6.2. (a). The unperturbed and (b). the perturbed structure.
6.2.2. Perturbation method

To obtain more insights into the effect of the existence of a high-index medium in the
proximity of a lossless waveguiding structure, we use a perturbation method [10] to
derive approximate analytical expressions of that effect. Here, we consider the lossless
multilayer structure without the high-index medium as the unperturbed structure and
the complete structure as the perturbed structure. As shown in Fig. 6.2, it is possible to
have a multilayer-coated high-index medium, which might be the case for the high-
index-overlaid waveguides or the optical MEMS movement sensor.

Modes of the unperturbed structure fulfill the transverse resonance condition
Wo =2k, +0,, +0,,+2xm=0, (6.1)
with ko, ds 6, and 6, denoting the transverse wavenumber of the unperturbed
structure, the thickness of the core film, the (real-valued) phase shift due to total
internal reflection of light going from the core film to the upper cladding, and to the
buffer, respectively, while m=0,1,... denoting the mode order. Similarly, the modes of
the perturbed structure fulfill the transverse resonance condition
w=0,,+0,,+jr=0, (6.22)

with
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v = —2kt,pdf + HM

+0,,+2rm=y,+oy, (6.2b)
where k,,, 6, and y denote the transverse wavenumber of the perturbed structure, the
real and imaginary part of the phase shift due to partial reflection of light going from
the core film to the high-index medium, respectively. Here, ¥ depends on the
perturbed effective index (through £, ,) and the parameters of the unperturbed structure,
hence can be expressed as ¥, with a small perturbation 5¥. We assume that the
effective index experiences a small perturbation expressed by

Mgy =Ny + 0Ny, (6.3)
with neg nemo, and ongy denoting the effective index of the perturbed structure, the
effective index of the unperturbed structure, and the effective index perturbation,
respectively. Using Taylor’s expansion around n,o we arrive at

oy
n

oy = Enw . (6.4)

eff

Using Z—Z =W (see reference [3]) with the propagation constant defined as S = k,n,,

and W denoting the length of one zig-zag path along propagation direction including
the Goos-Hénchen shift (GHS), we can further rewrite eq. (6.4) as

oy ~ kWon, . (6.5)
Susbtituting eq. (6.5) into eq. (6.2) and using eq. (6.1) leads to
r
Sny =~ j ' [LJ (6.6)
' 0 Trp

where 7, , =exp [ J (0 + jy)] and r, , =exp [ jt?,»‘J are the reflection coefficients of

fh

light going from the core film to the high-index medium and the buffer layer,
respectively. Using the multilayer thin film reflection and transmission formula [11],
we can further rewrite eq. (6.6) as

On,y =21, sin (0, , )exp(-a, )/ (k7). (6.7a)
with

a, = 2k0db,/nfl,‘0 -n, (6.7b)

where 7, dp, and n, denote the reflection coefficient of light going from the buffer
layer to the high-index medium, the thickness, and the refractive index of the buffer
layer, respectively. Equation (6.7) is an approximate analytical expression for the effect
of the high-index medium in the proximity of the waveguide to the mode effective
index. It is worth noting that 7, is the only complex quantity in eq. (6.7) which will
change the real-valued n.; into complex-valued 7.y From the imaginary part of eq.
(6.7a), we can obtain an approximate analytical expression of the attenuation constant
(in dB per unit length) due to the high-index medium as

a = —40 log(e) Im(rb’h ) sin(E’M ) exp(-a, )/W ) 6.8)
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In connection with the numerical simulation results to be presented in the next section,

we will rewrite « as a two-parameter formula

a=c¢l0%", (6.9)

where ¢, characterizes the sensitivity of the attenuation to the buffer layer thickness

(i.e. 2705 ~ ¢, ). By matching eq. (6.9) to eq. (6.8), and assuming that ¥ is not affected
b

by the buffer thickness, we obtain

¢, ~—40log(e) Im(7, , ) sin(ﬁfqb )/W (6.10a)

and

¢, = =2log(e)koynly, —n; (6.10b)

Using analytical expressions (6.7)-(6.10), we can study the effect of the high-index
medium to either fundamental or higher order modes, TE-polarized or TM-polarized
modes of the buffered leaky structures.

6.3. Results and discussions

Here, we will study various aspects of the effect of a high-index medium in the
proximity of a planar waveguide. We will use the FEM leaky mode solver reported in
the previous chapter to compute rigorously the complex-valued leaky mode indices and
use the approximate analytical expressions obtained through the perturbation method to
interpret and gain some insight into the observed phenomenon. The FEM scheme being
used in this work is the 2"-order scheme. For the perturbation method, we use the
transfer matrix method [11-12] to calculate the effective index of the unperturbed
structure, the reflection coefficients, the phase-shift due to reflections, and the GHS.
This study is carried out by taking a 5-layer leaky structure, which is made on a silicon
substrate with a SiO, buffer layer made through thermal oxidation on its surface, and
successively a SizNy4 core and SiO, cladding layer grown on top of it through PE-CVD,
and air as the outermost cladding. The results presented here can also be generalized to
understand other structures as well, such as the high-index-overlaid waveguide and the
optical MEMS movement sensor.

The refractive indices of the Si, SiO, by oxidation, SizNy4, SiO, by PE-CVD,
and air cladding are 3.476, 1.45, 1.98, 1.464, and 1, respectively at A=1.55um. Unless
otherwise stated, the thickness of the buffer layer is varied from 1 to 8§ um, while the
Si3Ny4 core is 0.14 pm, and SiO, cladding is 1 um. The mode profiles of this structure
for buffer layer thickness of only 1 um are shown in Fig. 6.3, which shows a field that
is weakly quasi-confined within the thin core layer, and leaks out into the high-index
substrate. For this setting, the structure is effectively single-moded.
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Figure 6.3. Field and intensity profiles of the buffered leaky waveguide with buffer
layer of 1um: (a). TE and (b). TM modes.

6.3.1. Effect of the buffer layer thickness

Fig. 6.4 shows the effect of thickening the buffer layer. As shown in Fig. 6.4a, if the
thickness of the buffer layer is increased, the real part of the effective index will
asymptotically approach the value of the effective index of the unperturbed structure,
while the imaginary part will become smaller. Here, we observe that the existence of
the high-index medium will decrease the Re{n.;}. Later on, we will show that it can
also increase the Re{n.;}. Fig. 6.4b shows that the attenuation constant follows the
two-parameter expression eq. (6.9) very well. The results of the perturbation method
are also shown in Fig. 6.4. The curves of the perturbation method almost coincide with
the finite element results, especially when the buffer layer is thick, i.e. when the
perturbation is small. From our FEM simulation, we get ¢,=12827.47 dB/cm and c,=
-1.7105 pm’ for TE and ¢,=17716.5 dB/cm and c,= -1.0013 pm" for TM. Hence,
given the maximum allowed loss, the minimum thickness of the buffer layer can be
determined using eq. (6.9).

Figure 6.4b and eq. (6.10) also show that the attenuation of the TE-polarized
mode is more sensitive to the buffer thickness than the attenuation of the TM mode due
to the larger value of its unperturbed effective index, meaning that the loss of TE
modes will decrease in a higher rate than TM if one increases the buffer thickness.
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Figure 6.4. The effect of the buffer thickness on (a). the effective indices and (b). the
attenuation of a buffered leaky structure.

6.3.2. Effect of the refractive index of the high-index medium

Figure 6.5 shows the effect of varying the refractive index of the high-index medium
(n,) on the real part of the effective index and the attenuation constant for a structure
with buffer layer thickness of 1um. For completeness, we vary n, starting from the
value of the buffer refractive index (n,), although the term high-index medium is not
suitable for this low refractive index value. As the buffer thickness is relatively small,
the perturbation is relatively large, leading to noticeable difference between the
rigorous results by the FEM and the approximate results by the perturbation method.
However, we still can use the analytical expressions given by the perturbation method
to study the behavior of the leaky waveguide. The figure clearly shows that the
existence of the high index medium can lead to either an increase or a decrease of the
real part of the effective index. Knowledge about this phenomenon may be important
for tuning and sensing applications.

If ny, is just higher than #n,, the existence of the high-index medium will affect
only to an increase of the real part of the effective index (see region located between
points A to B for TE or A' to B' for TM). Hence, in this region, the structure is still a
guided-wave structure. From eq. (6.7) it can be seen that the effect of changing n,
enters the expression for on.y through 7, ;. Here, we have neglected the effect of the
high-index medium to the GHS, which is relatively small. Fig. 6.6 shows the evolution
of r,,, for the corresponding modes in the complex plane as 7, being changed from #,
to oo. From point 4 (4") to B (B"), the r;,;, will have a real positive value as n, is still
lower than the unperturbed effective index (n.;), leading to a real positive i,
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Figure 6.5. The effect of the refractive index of the high-index medium to (a). the real
part of the mode effective index, and (b). the leakage loss.
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Figure 6.6. The evolution of ry), in the complex plane as the refractive index of the
high-index medium (n;) changes from ny to « for (a) TE and (b) TM
mode. The dashed arrows denote the direction of the trajectory that ry
follows for positive change of ny,.

Passing point B (B'), in the region where n;>n.40, the leakage loss is no longer
zero, as rp;, becomes complex valued with a negative imaginary part. Until point C
(C)), the 7y, is still located in the 4t quadrant of the complex plane, leading to a
positive Re{dn.}. At point C (C)'), the attenuation arrives at its maxima while
Re{on,;} arrives at its zero-crossing point. For an uncoated high-index medium, using
the Fresnel reflection formula for a single interface to evaluate 7,;, we obtain that this
zero-crossing point is related to

1
n,=n, = (Zn‘fﬁ,o -n, )A (6.11a)

for TE, and
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for TM. For TM, this is the first zero-crossing point, as later on we will see that this

polarization has two zero-crossing points.

As the refractive index of the high-index medium is further increased such
that the r,, enters the 3™ quadrant of the complex plane, the existence of the high-
index medium will decrease the real part of the effective index while the leakage loss
will become smaller. For TE polarization, this happens monotonically until #, goes to
oo at point E. For TM, the behavior is different due to its unique Fresnel reflection
properties. The decrease of the real part of n.; and the leakage loss as we increase ny,
will happen only until point D', thereafter these properties change their direction. We
term this particular point as a turning point. For an uncoated high-index medium, by
looking at the extrema of 7, we find that this point is given by
n,=n,= V2 R - (6.12)

After the turning point, the increase of n, will increase the real part of n.; toward n
and increase the leakage loss toward another maxima. This behavior will happen until
another zero-crossing point (C,"), which for an uncoated high-index medium is
associated to
P
4 8 4 4 6 2
n, + \/ n, = 4("b oo — 1y ”eff;O)
ny =N, = 2 3 (6.13)
2 (”e/f‘o —-n, )

After this second zero-crossing point, the increase of n;, will monotonically increase the

real part of the effective index above 7. and decrease the leakage loss. This behavior
happens until #;, reaches « at point E'. At point E (£"), the reflection coefficient is real
for both polarization, meaning that as n;, reaches oo, we will again have a lossless
guided-wave structure. This surprising feature can also be checked by simply taking
the limit of the Fresnel reflection formula for n;, — oo.

The dependence of the attenuation parameters (c; and ¢;) on the refractive
index of the high-index medium is depicted in Fig. 6.7. If the refractive index of the
high-index medium is just larger than the effective index of the mode, the leakage loss
starts to be non-zero. Although the attenuation constant varies according to the changes
of the high-index medium refractive index, the sensitivity of the attenuation to the
buffer thickness (c,) is not itself sensitive to the changes of the refractive index of the
high-index medium. Equations (6.9) and (6.10) show that the changes of the
attenuation by changing the high-index medium refractive index, which are attributed
to the changes of the imaginary part of the reflection coefficient r,,, only affect ¢y,
leaving ¢, to be unaffected.
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Figure 6.7. The effect of the refractive index of the high-index medium to the
attenuation parameters.

6.3.3. Effect of the mode field quasi-confinement

Besides the thickness of the buffer layer, the isolation of the unperturbed structure from
the high-index medium also depends on the degree of the quasi-confinement of the
modal field. To investigate this, we take the same structure with a buffer layer
thickness of only 1 um and vary the thickness of the guiding layer. The results are
shown in Fig. 6.8, where for guiding film that is sufficiently thick, the structure
becomes multi-moded.

For a weakly-quasi-guiding condition, i.e. near to the cut-off of the modes, the
perturbation due to the high-index substrate is quite pronounced as indicated by the
large leakage losses and the noticeable difference between Re{n.;} curves of the
unperturbed structure (dotted line) and the leaky structure (solid line and circle/square)
in Fig. 6.8a, and also between the FEM and the perturbation results in Fig. 6.8b. For a
strongly-quasi-guiding condition, the losses are small, while the Re{n.;} values of the
unperturbed structure are very close to those of the leaky structure due to the relatively
small perturbation. Hence, the unperturbed structure can be used to approximate the
complete structure safely in most practical applications. Fig. 6.9 shows that as the
modes become more quasi-confined within the guiding film,

cz| becomes larger,

meaning that the attenuation becomes more sensitive to the buffer layer thickness,
which is attributed to the higher value of the unperturbed effective indices as indicated
by eq. (6.10b).



116

Chapter 6

Figure 6.8.
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(a). The dispersion curves of the leaky and the corresponding
unperturbed lossless structure, and (b). the attenuation as function of
core thickness.

An interesting phenomenon can be seen in Fig. 6.8b. In the strongly-quasi-

guiding but thin buffer layer setting, although the real part of the effective index of TM

polarization is closer to the refractive index of the buffer layer than that of TE (which

leads to a longer evanescent tail for TM compared to TE modes in the unperturbed

structure; hence logically one would expect a larger attenuation for TM than for TE),

this rigorous simulation shows that the attenuation of TM can be smaller than TE. This

phenomenon becomes clear if we use eq. (6.9) and plot the buffer layer thickness for
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which the attenuation of TE and TM modes of the same order have the same value, i.e.
at the intersection of the two lines in Fig. 6.4b for each guiding film thickness. We
term this particular buffer layer thickness as the characteristic buffer thickness dj, 4,
and the corresponding attenuation value as the characteristic attenuation ay,,. Fig. 6.10
shows that for the weakly-quasi-guiding condition, the characteristic buffer thickness
has a non-physical negative buffer layer thickness value, but for the strongly-quasi-
guiding condition it will have a positive value. For a buffer layer thickness smaller than
this (positive) value, the attenuation of TM will be smaller than TE, regardless of the
fact that the real part of the effective index of the TM mode is closer to the refractive
index of the buffer layer than the effective index of the TE mode. For the weakly-
quasi-guiding condition, the attenuation of TM is always larger than TE since it is
impossible to have a buffer layer with negative thickness.
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Figure 6.9. The effect of the thickness of the core layer to the parameters of the
attenuation: (a). ¢, and (b). c,.

6.4. Conclusions

The effects of a high-index medium in the proximity of planar waveguiding structures
that makes up buffered leaky waveguides are studied using the FEM leaky mode solver
and a perturbation method. The effect of the buffer layer thickness, the high-index-
medium refractive index, and the quasi-confinement of the modal field are
investigated. The study shows that the perturbation due to the high-index-medium does
not always lead to an increase of the real part of the effective index, but can also
decrease this quantity as well. Similarly, the leakage loss of TE-polarized mode is not
always smaller than TM-polarized mode of the same order. The study also shows that
if the refractive index of the high-index medium goes to infinity, a leaky-wave
structure evolves into a lossless guided-wave structure.

15
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Figure 6.10. (a). The characteristic buffer thickness and (b). characteristic attenuation
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Chapter 7

Galerkin finite element scheme with
transparent boundary conditions for

a vectorial mode solver

A Galerkin finite element scheme furnished with 1st-order Bayliss-
Gunzburger-Turkel-like boundary conditions is proposed to compute both
the guided and leaky modes of anisotropic channel waveguides of non-
magnetic materials with a diagonal permittivity tensor. The scheme is
formulated using transverse components of the magnetic field for nodal-
based quadratic triangular elements. Results for some structures will be
presented. The effectiveness of the used boundary conditions will be
illustrated using a step-index optical fiber with computational boundaries
positioned near to the core, and the leaky modes computation of a rib
ARROW. The computed results agree with their exact values (for optical
fibers) and published results (for other structures). Using the scheme, the
evolution of modes in a strip waveguide with anisotropic overlaid
cladding and high-index substrate is observed.

This chapter is partly adapted from:

H.P. Uranus, HJ.W.M. Hoekstra, and E. van Groesen, “Galerkin finite element scheme with Bayliss-
Gunzburger-Turkel-like boundary conditions for vectorial optical mode solver,“ J. Nonlinear Opt. Phys.
and Materials, Vol. 13, No. 2, pp. 175-194, 2004.
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Galerkin finite element scheme with
transparent boundary conditions for

a vectorial mode solver

7.1. Introduction

Mode solvers are indispensable tools in designing integrated optical waveguides. One
of the widely used methods for optical mode solving is the finite element method
(FEM), which offers versatility and flexibility. This method is well known for its
ability to model waveguides with an arbitrary cross-section shape and anisotropic
materials.

However, to model open structures, special treatment(s) on computational
boundaries should be carried out in order to enable truncation of the finite element
mesh. These boundary conditions (BCs) can be just the simple homogeneous Neumann
boundary conditions (NBC) or Dirichlet boundary conditions (DBC) [1], discretizing
the exterior domain using infinite elements [2], putting artificial absorbing materials,
i.e. the so-called perfectly matched layers (PML) [3] near to the computational
boundaries in addition to truncation of the mesh using the DBC, or the one based on
treatment(s) of the fields at boundaries in such a way that they will pass the boundaries
with minor reflection, i.e. the so-called transparent boundary conditions (TBC). The
first two BCs can only be used to model guided modes, while the last two can model
both guided and leaky modes. The PML-based BC is presently the most popular one.
However, it enlarges the computational domain by the additional artificial absorbing
materials and requires some “skill” on choosing the optimal material properties in
order to let it work effectively. One of the TBC used for FEM optical mode solvers is
the Sommerfeld-like TBC proposed by Hernandez-Figueroa et al. [4]. However, the

accuracy of this BC is only O(r

) with  denoting the position of the computational
boundary with respect to a chosen origin of the structure. Besides, iterations are

required in order to obtain the modes.

In this chapter, we apply a Bayliss-Gunzburger-Turkel-like (BGT-like) [6]
TBC for a FEM optical mode solver. The BC is embedded into a nodal-based Galerkin
FEM scheme formulated using transverse components of the magnetic field for
structures with diagonal permittivity tensor materials. The scheme is restricted to these
materials for practical and simplicity reasons. This kind of materials is widely used and
requires only a computational effort nearly similar to the isotropic one. The scheme is
implemented for unstructured triangular mesh with quadratic basis functions. The
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proposed boundary conditions are local, hence approximate, but preserve the matrix
sparsity, with just one additional term in the boundary operator compared to the

). i.e. one order higher than

Sommerfeld-like TBC, while offering accuracy of O(r
the latter one. The shape of the computational boundaries can be arbitrary. The scheme
can model both the guided and leaky modes. Although iterations are still required, only
few iterations are normally needed for convergence depth of 10" in ney For leaky
modes computation, we propose an iteration strategy that uses the iterations as
eigenvalue refinement mechanism using approximate results of some other simpler
scheme as initial guesses. The scheme will be illustrated using some examples, i.e.
optical fibers and a fused fiber coupler for guided mode computations, while a rib
semiconductor-based ARROW and SisNg strip waveguide with DAST (4°-
dimethylamino-N-methyl-4-stilbazolium tosylate) [23] overlaid cladding and Si
substrate for leaky modes computations. The results show good agreement with the
exact values (for optical fibers) and computational results of other methods (for other
structures) as far as these have been published.

7.2. Description of the scheme
7.2.1. Finite element formulation
We consider optical waveguides with 2-D cross-section of arbitrary shape, composed

of non-magnetic materials with a diagonal permittivity tensor of arbitrary index
profiles. The vectorial wave equation for the magnetic fields of the waveguides can be

written as

Vxg 'VxH=klH. (7.1)
The structure is assumed to be invariant along z-axis. Using an ansatz of
H(x,y,z,t) = [Hx,Hy,HZJT (x,y)exp[j(a)t—ﬂz)] , (7.2)
with a propagation constant f = kn,, and Maxwell’s equation

VeB=0, (7.3)
which implies also Ve H =0 for non-magnetic material, we obtain from eq. (7.1) the
vectorial wave equation that can be expressed in terms of only the transverse
components of the magnetic fields as follows

a)’ [é(axH)’ - a}’HX ):| ﬁév (axHx + ayHy) +Hv

_ ka2 | =k ] (4
—a{g(axHy—any)] 1.0,(0,H,+0,H,) Tt L1, O{H,} o

Following the Galerkin procedure, i.e. multiplying eq. (7.4) using weight
function w, =[w_, wy]T, and applying partial integration, we get the weak formulation

of the problem as follows
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-tw,(0,H,~0,H,) -—tw, (0,H,+0,H,)
” V,e e +V,e v
6 Lw, (0,H,-0,H,) ~Lw, (0,H,+0,H,)

e (@0, ~0,m.) (0., =0, )+ | 0. G )+, (w,) (0.1, +0,11,)

+honl, (# w.H, +$w},H},)—k§ (WXHX +w,H, )}dx dy=0, (7.5)
with V, denotes %0, + 30, where the hat (*) symbol denotes the unit vector. Since the

second and fourth terms in eq. (7.5) contain derivatives of discontinuous functions
across interfaces, their discretization is not straightforward. By decomposing the
discontinuous function as the sum of a continuous function and some value times
Heaviside function, the discretization will produce additional terms at the second part
of the right hand side (r4s) of following equations:

-Lw, (0,H,+0,H,) -—w, (0,H,+0,H,)
” V,e| ' dxdy = z ” V,e| dxdy
Q —i Wy (axHx + 6},Hy ) TriangulterIement Q, —i Wy (aXHx + ayHy )
-~y { [ a, (izj w, (0,H,+0,H,)dy
InterfaceElement | T, W

+]a, (sz w,(0.H, + 6yHy)dx} (7.6)
rm!.(’ n ’

xx

and

g[ax (* Wx)+ 9, (L w},)}(axHx +0,H , Jdxdy =
{ Ma ()0, (2w, )}(GXHX +0,H, )dxdy}

TriangularElement
e

+ z { _[ Ax[Tij(axHx+5yHy)dy
r\"t.e

InterfaceElement n yy
e

+ [ A, [LZJ w, (0.4, +ayHy)dx}, (7.7)
with
L I A 750

A, (L) = (L)H —(L)H ; (7.8b)

where int+ and int- subscripts in eq. (7.8) denote the right and left hand or the upper
and lower sides of the interface, respectively. Since these additional terms (the two last
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terms) of eqs. (7.6) and (7.7) have opposite sign, then they will cancel out each other.
By discretizing the domain Q into a finite number of triangular elements Q., boundary
line elements I', (along the computational boundaries) and interface line elements I';,;,
(along the interfaces between different materials) and applying Green’s theorem to the
first terms of eq. (7.5) and rhs of eq. (7.6), we arrive at

2, {‘J Lw, (0,H,-0,H,)dy~[Lw (0,H, -0 H,)dx
r,

BoundaryElement r,
e

~[w (0, H, +0,H, )dy+[w, (0,H, + 8yHy)dx}
r, " r,

+ Y {_ [ w (0.H,+0,H,)dv+ [ Lw, (axHX+ayHy)dx}
Y l—mu‘ w

Intt’rfaCjEl@ment Tine

Y [[{ew—ow ) (0.0, -0,0.)

TriangularElement Q,
e

by o

+[ax (tw)+o, (+ wy)}(axHX +0,H,)
ki, (L wH 4t H ) k2 (wH, +w,H, )}dx dy=0. (1.9)

Approximating the fields by interpolation of quadratic basis functions

3

H f?r‘” = Z Ni(’lrf)) H ;S") for each boundary line element I, , (7.10a)
i1
3
Hj?““"“) - z N;j;“’”H fy?“"") for each interface line element T, ., (7.10b)
i=1
6
H = ZN}";;)H s for each triangular element Q,, (7.10¢c)

i=1
where 7=x,y; while N,,, and N,,, denoting the quadratic 1-D and 2-D basis
functions, respectively with 7 denoting the local nodal points within the corresponding
element; we can write the approximation to eq. (7.9) into a generalized eigenvalue
equation as follows:
(M, =M, ){H}={0}, (7.11)
with column vector {/} representing the approximate H, and H, fields at nodal points,
while {0} is a null vector. The matrices M, and M, are sparse and have the dimension
of only 2N X 2N, with N denoting the number of nodal points. Since the magnetic
fields are continuous across material interfaces for non-magnetic materials, and also
Ve B =0 has been imposed into the formulation, no spurious mode will appear in this
nodal based formulation [5].
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7.2.2. Boundary conditions
7.2.2.1. Bayliss-Gunzburger-Turkel-like transparent boundary conditions

It is well known, that for scalar 2-D scattering problem, a family of differential
operators

H) =0(1/r""), (7.12)

with B, H 0, + jk, + / can be imposed on field function at the
p=1

computational boundaries I'". In this operator, m denotes the order of the operator, r the

distance of the boundary from a scatterer positioned at the origin, while £, is the radial

(or in our case transverse) wavenumber. This operation on fields at computational

boundaries will exactly satisfy the first m-terms of the asymptotic radiation function

expressed in a convergent series expansion of

H(r,0), —ZH M. (7.13)

p+l/2

These boundary conditions are known as the Bayliss-Gunzburger-Turkel radiation
boundary conditions (BGT RBC) [6].

Figure 7.1. lllustration of the concept of BGT-like TBC.

Following the same way as Hernandez-Figueroa [4], we can think of the mode
confinement within an optical channel waveguide as a sort of “line scatterer” from
which the waves originate, as illustrated by Fig. 7.1. However, the radiative nature of
the BGT RBC is not directly compatible with the guided modes of the waveguides,
since in this kind of mode the field is not radiating out, but decays evanescently away
from the core of the structure. In order to apply these boundary conditions for
waveguiding problem, we need to treat k. as a complex quantity. From eq. (7.13) it is
clear that Im(k,)<O represents decaying fields that suit the guided modes, while
Re(k,)>0 corresponds to outward propagating fields which fit the leaky modes. Hence,
by selecting the proper sign of the transverse wavenumber, using single scheme, both
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guided and leaky modes can be modeled. For guided modes of structure with non-
absorptive materials, the effective index will be real; hence consequently k. will be
purely imaginary.

In this work, we use “radiation” function in the vectorial form

B H, = 1 |H, (Q)exp(—jk,’xr)
H(r,H)L:{H} ZZW g . , (7.14)
yAp o =0 q,, (6) exp(—jkwi’)
with the 1™-order boundary operator
H H k H
B, || = (ar+i] L =o(R) (7.15)
Hy 2r Hy kl‘yHy
T > r

and the transverse wavenumbers obtained by solving the wave equation (7.1) at the
(assumed) elementwise homogeneous exterior domain are

k. =kyn> —n’, (7.16a)
rx 0 xx eff

and
k., =k, nt —n* . (7.16b)

7.y » eff
At this point, it is obvious that the proper sign of the transverse wavenumber discussed
earlier corresponds to the proper sign of the square root within eq. (7.16). By
neglecting the angular dependence of the fields, we get the approximate derivative
operators as follows.

6YHXF:—fOJ2(jk”+i)HX +0(r"?), (7.17a)
' e )L
A~ . 1 —5/2
6},HXF——rOy(]krwx+;jHXr+O(r ), (7.17b)
GXHyL:—fn%(jkr’erziny +0(r7?), (7.17¢)
r r
e 1 .
0,H,| =—ie y[ka+;ij +0(r?7). (7.17d)
T

The approximate derivative operators given in eq. (7.17) can be used to evaluate the
line integral along the computational boundaries in eq. (7.9). It is worth noting that the
derivative terms within the boundary term in eq. (7.9) can also be expressed as a
combination between normal and tangential derivatives with respect to (w.r.t.) the
boundary line element, for which equivalently we can use approximate normal

derivatives
0,H.|. =—foﬁ(jk”+LjH¥ +0(r??), (7.18a)
T2r) e
— _tenl 7 1 -5/2
anH_vF——ron(]kw+5ijr+O(r ), (7.18¢)
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as the Dirichlet to Neumann (DtN) map for handling the boundary terms, where 0,

and n denote the normal derivative and unit normal vector w.r.z. the boundary line
element, respectively. Although the vectorial radiation function eq. (7.14) is defined
using polar coordinates, the shape of the computational boundary itself does not have
to be circular, but can be any arbitrary regular shape, since each point at that boundary
can be expressed in polar coordinates. Neglecting the 1/(2r) terms within eq. (7.17) or
(7.18) will correspond to the Sommerfeld-like TBC as proposed by Hernandez-
Figueroa et al. [4] which is only O(+*?) accurate. Hence, the proposed 1¥-order BGT-
like TBC only need one extra term compared to the Sommerfeld-like TBC, but offers
accuracy of one order higher in representing the derivatives of the fields at the
computational boundaries. It is worth noting that this order of accuracy is w.r.z. single
scatterer problem. Approximating the mode field (quasi-)confinement by single
“scatterer” model itself will introduce additional inaccuracy, which is beyond the scope
of this work.

7.2.2.2. Boundary conditions related to reflection symmetry

It is well known that the structural symmetry of a waveguide dictates the
characteristics of the modal field solutions [7-8], which enables the use of only a sector
of the structure to calculate a certain mode, and also enables the classification of modes
and recognition of mode degeneracy. By exploiting the structural symmetry, the size of
the computational domain can be reduced, which reduces both the memory and
computational time cost of a numerical mode solver for the same level of accuracy.
Besides, it enables one to get rid of difficulty in computing degenerate modes, since
each of the degenerate modes is solved separately by using a different eigenvalue
equation. The exploitation of symmetry has been widely used e.g. in numerical optical
mode solvers [9-10] and photonic crystal computation [11].

In this section, we restrict ourselves to structures with reflection symmetry,
since many optical waveguides possess this symmetry. This kind of structural
symmetry enables the use of a simple perfect electric conductor (PEC) and/or a perfect
magnetic conductor (PMC) at the symmetry plane as an exact truncation the
computational domain. Although the exploitation of this type of symmetry has become
common practice, their theoretical explanation is generally not given. This section is
written as a brief introduction for the reader who is not familiar with the theory that
leads to the use of PEC/PMC as exact boundary conditions for truncation of reflection
symmetry structures at their symmetry plane.

To illustrate this, we consider a structure with C;, symmetry as shown in Fig.
7.2.a, where &,(x,y)=¢,(-x,y) with structure symmetry plane located at x=0. Assume that
@(x,p) is the k™-order mode field profile of the structure. Due to the symmetry, if we
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reflect the structure w.r.t. the symmetry plane, we will get the same structure again.
This means that the same mode (i.e. the same field profile and the same propagation
constant) is also the solution of the eigenvalue equation of the reflected structure. Since
the eigenvector is scalable, we can write ¢ (-x,y)=a@i(x,y), with « a scaling constant. If
we reflect the reflected structure once again, we will return to the original eigenvalue
problem, but during the reflection we pick up another scaling factor. Hence, we can
write @ux,y)= a@(-x,y)=a’ px.,y). Therefore, a has the value of 1 or -1. If a=1, we
will have @,(-x,y)=@(x,y), which is an even (symmetric) function across the structure
symmetry plane. If o=-1, we will have @y(-x,y)=-@(x,y), which is an odd (anti-
symmetric) function across the structure symmetry plane.

3:@ Q LS @
(e) ® @)

(@) (b) © (d)

Figure 7.2. Structures with reflection symmetry: (a). C;,, (b). C, (¢). Cs, (d). Cy,
(e). Cs,, (). Cs,, and (g). C.,. Dotted line denotes the possible truncation
plane(s) by using PEC/PMC as boundary conditions.

For a vector field, we should look at the parity of the modal field components.
By using ansatz (7.2) for magnetic field and

E(x,y,2.0)=[E,.E,.E.] (x.y)exp[ j(er~pz)] (7.19)

for electric field, for structure made of non-magnetic material with diagonal
permittivity tensor, Maxwell’s egs. (2.1)-(2.2) can be written as

0,H_+ jBH, = jen, 0F, (7.20a)
—jBH, -0 H._ = jen, 0F,, (7.20b)
0.H,-0,H, = jenlok., (7.20c)
and

0,E.+jBE, =—juwH,, (7.21a)
—JBE,—0.E. =—ju,0H ,, (7.21b)
0.E,—0,E, =—juwH,, (7.21¢)

respectively. By keeping in mind that the normal derivative of an even (odd) function
is an odd (even) function, inspecting eqs. (7.20)-(7.21) for a structure as in Fig. 7.2.a
leads to 2 groups of field components with opposite parity, i.e. {E,, E., H,} and {E|,
H,, H.}. It means that if £, is an odd (even) function w.r.t. y-axis, E. and H, will also be
odd (even) functions, while E,, H,, and H. will be even (odd) functions. Following a
similar procedure, we can also find a similar subdivision of modal field components for
structures with y=0 as their reflection symmetry plane. This field parity is tabulated in
Table 7.1. A similar discussion on parity of modal field components was also given by
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Lohmeyer [12] and Hsueh et al. [13]. Note that Hsueh et al. used the wave equation
instead of Maxwell’s equations, and reported parity of modal field only for part of the
field components which are enough for their numerical method.

Table 7.1. Possible symmetry parity of the fields in structure with reflection symmetry.

Structure symmetry

Group with the same

Possible field symmetry w.r.£. structure symmetry

field symmetry plane
s(xy)=&(-x.y) {E,, E., H} Symmetric Anti-symmetric
(even function) (odd function)
{E., H,, H.} Anti-symmetric Symmetric
(odd function) (even function)
&(xy)=&(x,-y) {E,, H, H.} Symmetric Anti-symmetric
(even function) (odd function)
{E\, E., H,} Anti-symmetric Symmetric

(odd function)

(even function)

Since the structure is continuous across the structural symmetry plane, the
field and their normal derivative across that plane should also be continuous. For an
even function, these continuity conditions lead to 0,¢=0, where &, denotes normal
derivative w.r.t. the structure symmetry plane, while for an odd function, they lead to
¢=0 at the symmetry plane. Inspecting Table 7.1 by using these conditions leads to
modal field solutions with either

H,=0, (7.22a)
E, =0, (7.22b)
0.H,=0, (7.22¢)
0,E, =0, (7.22d)
or

H,=0, (7.23a)
E, =0, (7.23b)
0,H,=0, (7.23¢)
0.E, =0, (7.23d)

at the symmetry plane, with n and ¢ denoting normal and tangential w.r.t. structure
symmetry plane, respectively. Conditions (7.22) and (7.23) are fulfilled by a PMC and
a PEC put at the structure symmetry plane, respectively. The first-two equations in
(7.22) and (7.23) are directly fulfilled by the definition of PMC and PEC themselves,
respectively, while the fulfillment of the last-two equations can be verified by using
Maxwell’s equations. This means that the structure can be solved by using only a
sector of the structure, i.e. firstly using PEC to truncate the structure at the symmetry
plane and use that truncated structure to represent the full structure, and finally repeat
the computation by using PMC.
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For structures with C,, symmetry with m>1, we can also use the same
boundary conditions to truncate the structure by applying the truncation successively.
Firstly, inspect whether the structure can be divided into 2 parts with reflection
symmetry. If possible, then inspect whether the new (truncated) structure can be further
divided into 2 parts. In our work, the minimum truncated structure is a quarter of the
full structure, which is applicable for even number m, including m=c. This quarter
structure is needed to capture the degenerate modes [7-8, 15]. For odd number m, the
truncated structure is only a half of the full structure. The dotted line in Fig. 7.2
indicates the possible position of the truncation plane(s) for various structures.
Comparing this scheme to the table of minimum sector provided by Mclsaac [7] which
is based on a full group theoretical treatment, the sector size that we take is the largest
of the minimum sectors required to calculate all possible modes. However, we
understand that this is not the most efficient sector size for some structures. Recently,
by exploiting the rotational symmetry of the structure, Fini [14] proposed the use of
only 21/6 radiant azimuthal sector for the computation of modes in a structure with Cs,
symmetry, but the boundary conditions employed at the truncation plane are not the
simple PEC/PMC anymore.

7.3. Computational results

To illustrate the functionality of the scheme, we take samples supporting both guided
and leaky modes. For the guided mode cases, we choose both isotropic and anisotropic
step-index optical fibers, for which exact solutions are available; and a simplified fused
fiber coupler. Using the isotropic optical fiber, we will demonstrate the effectiveness of
the proposed BGT-like boundary conditions and compare the results to the
homogeneous DBC and Sommerfeld-like TBC. For leaky modes computations we take
the informal benchmark case [3-4,20-22], i.e. the leaky rib anti-resonant reflecting
optical waveguide (ARROW) made of compound semiconductor. Additionally, we
also demonstrate the use of the scheme to study the evolution of leaky and guided
modes of Si;Ny strip waveguide with an anisotropic overlay made of a DAST crystal
and a Si substrate.

7.3.1. Optical fiber

Firstly, we consider a multimode isotropic step-index fiber with refractive indices of
1.47 and 1.46 for core and cladding, respectively. The core radius is 7.5 pm and the
vacuum wavelength is 1.55 um. The effective indices of the modes calculated using the
proposed scheme by means of a full structure using computational domain of a circle
with radius of 7,=15 pm together with the exact values are presented in Table 7.2. The
exact values are calculated using the exact dispersion equation available in the
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textbook [16]. Since the structure has C,,, symmetry, it is possible to take advantage of
the symmetry where only a quarter structure is required and use PEC/PMC at the
structure symmetry plane. Here, we take the 4™ quadrant substructure, apply the
PEC/PMC at the computational boundaries coinciding with the structure reflection
planes and the 1¥-order BGT-like TBC at other boundary. The computational results
by using a quarter of the structure are also presented in the table. The table shows that
the results of present scheme using meshes presented in Fig. 7.3 agree to their exact
values, both for those using full and just a quarter of the structure as the computational
domain. The table shows that besides TE and TM modes, other modes are pairs of 2-
fold degenerate modes, which can be accessed separately using different reflection-
symmetry boundary conditions. It is also interesting to note that HE;; modes here are a
degenerate pair, while in Chapter 8, we will see that they are non-degenerate pair for
photonic crystal fiber (PCF) with Cg, symmetry. In Chapter 8, we will further discuss
the mode degeneracy and demonstrate a simple procedure to evaluate the degeneracy
and non-degeneracy of modes. The same procedure can be used to prove that the HE;,
modes are degenerate here, but non-degenerate in the PCF with Cg, symmetry.

Table 7.2. The calculated results for the isotropic step index fiber

Mode ey Boundary conditions at
Exact values Present scheme vertical/horizontal

Full Structure Quarter structure symmetry plane for
(r=15um, 5206 (r=15um, quarter structure located
triangular elements) 1264 triangular elements) at the 4" quadrant

HE 1.46851198 1.46851146 1.46851142 PEC/PMC or PMC/PEC

TE, 1.46627934 1.46627806 1.46627798 PEC/PEC

HEy, 1.46627071 1.46626949 1.46626942 PEC/PEC or PMC/PMC

TMy, 1.46626814 1.46626687 1.46626680 PMC/PMC

EHy, 1.46343274 1.46343020 1.46343008 PEC/PMC or PMC/PEC

HE; 1.46342243 1.46342102 1.46342091 PEC/PMC or PMC/PEC

HE,, 1.46258582 1.46258371 1.46258361 PEC/PMC or PMC/PEC

EHy, 1.46017795 1.46016811 1.46016798 PEC/PEC or PMC/PMC

In order to illustrate the effectiveness of the proposed boundary conditions,
we calculate the HE;; and HE;, modes of the same structure with various size of
computational domain, and check the relative error in the calculated effective indices

defined as
cale exact
n —n
Epr=t? 1 (7.24)
exact

eff

where n;f}lc and n;f;fm denote the calculated and exact value of the effective index,

respectively. The results, together with those of the same computations but using
homogeneous DBC and Sommerfeld-like TBC are presented in Fig. 7.4. The figure
shows the superiority of the proposed boundary conditions compared to the DBC and
Sommerfeld-like TBC. Even when the outer boundary is located very near to the fiber
core, i.e. at 7,=7.7um; the 1%-order BGT-like TBC still gives relatively small error. For
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high-order mode like HE,,, the scheme with DBC fails to find the mode using this
rather small computational domain, because for this mode the field at the
computational boundary is not negligible anymore.

15

A YAvavS
SRR

v‘ﬁﬂg%%
RSB RROR

SEEORITOAAN

10+

y (um)

Figure 7.3. Meshes used in the computation of the isotropic step-index fiber using
(a). full and (b). a quarter of the structure as the computational domain.

Next, we consider a fiber with both core and cladding made of uniaxial
crystals, for which exact solutions are also available [17]. The fiber consists of pure
LiNbO; as the core and 5% MgO-doped LiNbO; as the cladding. Assume that the
principle axes of the crystal coincide with the Cartesian-coordinate axes, with the
crystal c-axis aligned in the direction of z-axis; hence ny=ny,~=n, and n,,=n., with n,
and n. denoting the ordinary and extraordinary refractive index of the crystals,
respectively. For a vacuum wavelength of 0.633um, the refractive indices of the
LiNbO; are n,=2.2866 and n.=2.2028, while for 5% MgO-doped LiNbO; are
n,=2.2815 and n.=2.1926 [17]. The radius of the core is 4um, and a computational
domain of a circle with radius of Sum has been used with 7112 triangular elements.
The computed first-few modes along with their exact values and the results of vectorial
finite difference beam propagation method (VFD BPM) of Golant et al. [18] are given
in Table 7.3. The exact values are obtained using dispersion equation given by Dai and
Jen [17]. The table shows that the computed results using this rather small
computational domain agree to the exact values and the results of other method.
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(b
Figure 7.4. The relative error of effective indices for various size of computational
domain for the I*-order BGT-like TBC, Sommerfeld-like TBC, and
homogeneous DBC: (a). for low-order (HE;;) and (b). high-order (HE ;)
modes of the isotropic optical fiber sample.

Table 7.3. Computed and exact effective indices of first-few modes for fiber with both
core and cladding made of uniaxial crystals.

Mode Nefr
Exact Present Scheme VFD BPM
(Golant et al.) [18]
HE 2.285993 2.285992 2.285991
TEo, 2.285121 2.285117 2.285121
HE,, 2.285073 2.285077 2.285061
TMy, 2.285024 2.285018 -
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7.3.2.  Fused fiber coupler

Next, we take a simplified fused fiber coupler with a dumbbell-shaped structure and
mesh definition as shown in Fig. 7.5. We have chosen the same structural parameters
as Yang and Chang [19] and Chiang et al[10], i.e. the core index n.,..=1.45, the

cladding index n.,~1, operating wavelength A=1.523um, aspect ratio 2d/(2r.,.)=1.8,

and normalized frequency V =k, (nfm — 1 )1/2 =50. Taking advantage of the

symmetry of the structure, we only need to consider a quarter of the structure. We put
the outer computational boundary at r,=r.,.+3um. The results for a few low order
modes are presented in Table 7.4 together with the results of Yang and Chang using
surface integral equation method (SIEM) and Chiang et al. using vectorial finite
difference method (VFDM) with curved-interface corrections. Since the modes are
almost linearly polarized due to the breaking of the circular symmetry of the fiber, we
decided to label the modes as quasi-TE (q-TE) and quasi-TM (q-TM) modes, instead of
using the hybrid mode notation commonly used for optical fiber. The results show

agreement in the normalized propagation constants b = (nff, -1y ) / (”fm -n’, d) with

other two methods up to 5 digits. Please note that there are some notational errors in
the results presented in the paper of Chiang et al. (private communication with the
author), i.e. the results presented in Table I of their paper should be in the
dimensionless normalized propagation constants, instead of propagation constants with
unit of um™. The mode profiles shown in Fig. 7.6 are obtained by rendering the mode
profiles of the quarter structure.

15
10+
S5H
£ o
> [
51
10+
-15+
20 15 10 5 0 5 10 15 20
X (p,m)

Figure 7.5. The mesh definition and the computational domain of the simplified fused
fiber coupler. Only a quarter of the structure is used in the computation.
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Figure 7.6. Mode profile (left column) and transverse field vector (right column) of

(@). ¢-TEp (b). q-TE 9, and (c). q-TE»y modes of the fused fiber coupler
sample.
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Table 7.4. The calculated results for the fused fiber coupler sample. Only a few modes

are shown.
Mode Present Scheme SIEM (Yang & Chang) | VFDM (Chiang et al.)
(quarter structure, 4941 triangular (quarter structure, 437 x
element) 297 grid points)
ey b b b

q-TEq 1.449351793 0.998295347 0.998298295 0.998298803

q-TE,o 1.449079314 0.997579010 0.997581191 0.997581862

q-TEx 1.448329236 0.995607778

q-TMyo 1.449347926 0.998285180 0.998287649 0.998287976

q-TM,o 1.449077169 0.997573371 0.997574799 0.997575478

q-TMy 1.448332859 0.995617296

7.3.3 Rib ARROW

As the first example of leaky modes computation, we take a rib ARROW made by a
double-heterostructure of III-V compound semiconductor. The structure and the mesh
definition of the waveguide are depicted in Fig. 7.7. The refractive index of the GaAs,
5% AlGaAs, 20% AlGaAs, and air are 3.59, 3.555, 3.452, and 1, respectively. The
thicknesses ¢; to ¢5 are 1um, 1.1um, 0.4pum, 1.6um, and 0.95um, respectively. The
width of the rib is w=2.6um. The operating wavelength is A=1.064pm. The high index
substrate causes the waveguide to be leaky. This structure has been modeled by a
number of authors using various methods or schemes; i.e. spectral index method (Berry
et al. [20]), FEM with Sommerfeld-like TBC (Hernandez-Figueroa et al. [4]),
semivectorial imaginary distance (ID) BPM with PML (Tsuji & Koshiba [21]), FEM
with anisotropic PML (Selleri et al. [3]), and vectorial ID BPM with PML (Obayya et
al. [22]). In Table 7.5 and 7.6 we present our results together with the published results
for even modes. Our computations were carried out using half of the structure with the
computational boundaries located at lpum below the substrate-lower-2"-cladding
interface, 0.25um above the top of the rib, and 2.6um to the right of the symmetry line.
From the table, we can say that our results qualitatively agree with other’s, especially
with the results of Selleri et al., which use anisotropic PML with high-order edge
elements FEM; and also to the results of Berry et al. Beside the q-TE modes, we also
present the results for q-TM polarization, which are not shown in the paper of others.
Figure 7.8 shows the mode profile of the real part of the dominant field of a few
modes. For modes with large enough loss, the wave-like tail that indicates leakage into
the high-index substrate becomes more noticeable. Here and everywhere in this thesis,
the phase of the complex-valued modal field has been adjusted to make the real part be
dominant. The phase factor has been determined based on the phase at nodal point
where the dominant field component (either /. or H,) takes its largest magnitude.
Hence, the not displayed imaginary part of the field is almost negligible.
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Table 7.5. The real part of the calculated effective indices of the rib ARROW.

Mode Re(nep)
Present scheme | Hernandez- Tsuji & Berry et Selleri et al. Obayya
(half structure, Figueroa Koshiba al. (half structure, etal.
1889 triangles) etal. 1996 triangles)

q-TEgo 3.573793 3.574125 3.574131 3.573800 3.573795 3.573733

q-TEy, 3.543226 3.543505 3.543530 3.5432314 | 3.543225 3.543067

q-TEx 3.526914 3.529994 3.529949 3.526932

q-TE,, 3.495856 3.498680 3.495891 3.495866

q-TEp, 3.494239 3.4942785 | 3.494256 3.493831

q-TMy | 3.573849

q-TMy | 3.529636

q-TM,, | 3.498008

q-TMy, | 3.493295

Table 7.6.  The imaginary part of the calculated effective indices of the rib ARROW.

Mode -Im(7.5)
Present scheme | Hernandez- Tsuji & Berry et Selleri et al. Obayya
(half structure Figueroa Koshiba al. (half structure, etal.
1889 triangles) etal. 1996 triangles)

q-TEgo 1.8035E-7 1.7649E-7 1.6976E-7 | 1.6968E-7 | 1.7120E-7 1.692E-7

q-TEn 5.3676E-5 5.5352E-5 5.4823E-5 | 5.4810E-5 | 5.5691E-5 5.739E-5

q-TEy 45137 E-6 1.4923E-6 1.6915E-6 6.7865E-6

q-TE,, 1.1717E-4 1.2272E-4 1.2316E-4 1.1539E-4

q-TEp, 8.5828E-4 8.8414E-4 | 8.8313E+4 9.179E-4

q—TMo(] 1.7283E-7

q-TMOl 5.8220E-5

q-TMy 1.3413E-6

q-TM,, | 1.1549E-4

q-TMy, | 9.1754E-4

7.3.4. Buffered leaky SisN, strip waveguide with DAST overlaid cladding and Si
substrate: the modes evolution

In this section, we consider a Si;N, strip waveguide made on Si substrate with SiO,
buffer layer. A DAST crystal [23], which is a highly anisotropic biaxial material, is
overlaid on top of the strip with an air gap in between. In order to show the effect of
the DAST cladding and the Si substrate separately, we consider two different structures
as shown in Fig. 7.9. Both of these structures are in most cases in this section, the
buffered leaky waveguides. We assume that the principal axes of the DAST coincide
with the Cartesian coordinate system of the waveguide with the axis associated with
the highest refractive index aligned to the z-direction. The refractive indices of the
DAST are nejuqu=1.602, nejq,,=1.575, and ngqq..~2.132, while the refractive index of
the Si3Ny, Si0,, Si, and air are n.,,.=1.99, n,=1.45, n=3.5, and n;=1, respectively for a
vacuum wavelength of 1.55um. The size of the core is #=0.3pum and w=2pm, while the
gap thickness (g) and buffer thickness (b) will be varied.
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Figure 7.9. Structure of a Si;N, strip waveguide with: (a). DAST overlaid cladding
and (b). Si substrate.
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Without the DAST cladding and Si substrate, the structure supports two
guided modes, i.e. q-TEy and q-TEj,. This setting is denoted by g=co and b=
throughout this section. Fig. 7.10 shows the evolution of the calculated effective index
of q-TEy, mode in the complex plane as one varies g of structure shown in Fig. 7.9a.
The existence of the DAST cladding increases the real part of n,; since the refractive
index of DAST has not crossed the zero crossing point yet (see explanation in section
6.3.2). By solving vectorial wave equation for uniform structure consisting of DAST
only using the method given in Section 1.3.3 of the book of Chew [24], we found that
for the above given orientation of DAST, the effective index (i.e. 2k k,) of the
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DAST is bounded by 7.4, Therefore ngq.. will determine the onset of the leaky
modes. As long as n. is larger than s, the mode is still guided mode (see
calculation results until g around 180nm). If one further enlarges the gap thickness
such that Re{n.;} becomes smaller than n.y., the mode becomes leaky. Fig. 7.10
shows two effects that dictate the properties of the leaky mode. The first one is: as the
gap size enlarges, the Re{n.;} moves further below 7.4, resulting in a larger leakage
loss value. The second one is: as the gap size increases, the effect of the DAST
cladding decreases, meaning that the mode evolves toward the lossless guided mode of
the structure without DAST cladding, leading to a decrease of the leakage loss. These
two effects that influence the leakage loss in opposing direction, lead to a maximum
leakage loss at gap thickness around 350nm. Fig. 7.11 shows the mode profiles of g-
TEo at g=0 (lossless) and 350 nm (attenuation=7.45dB/cm).
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Figure 7.11. Mode profiles of g-TEy at (a). g=0, and (b) g=350nm.

More complicated phenomena are observed for q-TMyo, q-TE;y, and q-TE;
modes. Fig. 7.12 shows the evolution of these modes in the complex plane as one
varies g. The points with circular, square, diamond, and triangular shapes denote the
computational results, while dotted lines are used to connect points, which show
similar features in their transverse field vector plots.
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The q-TMy, mode, which is not observed for structure without DAST
cladding, is observed to be guided mode for g=0. We believe that for structure without
DAST cladding, this mode is a very leaky cladding (or more precisely buffer) mode
with its main field component residing in the SiO, buffer. Since the introduction of
DAST cladding will lift the Re{n.;} up, this mode will become guided mode if this
value becomes larger than n.,,... If one enlarges the gap size, the Re(n.;) becomes
smaller. Once it becomes smaller than n.,,,,, the mode will become a leaky mode.
During varying of g, this mode (q-TMy,) will change its modal field profiles back and
forth into q-TE, (see points denoted by diamond shapes in Fig. 7.12) as shown by Fig.
7.13, where the term hybrid has been used to denote a mode with profile which is a
combination of two linearly polarized modes. This mixing phenomenon can be
understood as these two modes have the same field symmetries, i.e. symmetric H, and
anti-symmetric /7, across the vertical symmetry axis.

At g=0, we also observe the existence of leaky q-TE;y mode, with Re(n.y)
which is lower than n.,,,., and attenuation 75.7 dB/cm. By changing g, the mode
profile of this mode also changes back and forth into g-TMy, (see points denoted by
circular shapes in Fig. 7.12) as shown by Fig. 7.14.

At g=35nm we also observe g-TE;; mode, which evolves into gq-TMy,
cladding mode as one enlarges g (see points denoted by square shapes in Fig. 7.12), as
shown by Fig. 7.15.

An interesting phenomenon shown by Fig. 7.12a is that q-TMy, and q-TE;, of
small g will evolve into the highly leaky q-TMy, cladding mode and q-TE,, cladding
mode as one enlarges g. On the other hand, the highly leaky g-TE,; core-cladding
mode will evolve into g-TE;y core mode as one enlarges g (see points denoted by
triangular shapes in Fig. 7.12) as shown by Fig. 7.16. The latter figure shows that as
one enlarges g, the humps located at the DAST cladding will become weaker and
weaker until the mode profile evolves into g-TE;( core mode.
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Figure 7.17 shows the attenuation of previously discussed modes as function
of the gap thickness. For large gap thickness, the attenuation curves follow the two-
parameter formula (6.9) nicely.

The effect of the DAST cladding can be concluded as follows. Without DAST
cladding, the structure only supports guided q-TE, and q-TE,y modes, while other
modes are highly leaky cladding (or more precisely buffer) modes. By introducing
DAST cladding, for g up to 5nm, a guided q-TMy, mode exists, while q-TEy, mode
remains guided and g-TE,( becomes effectively suppressed by its large leakage loss.
By further enlarging g, the g-TMy, mode becomes quite leaky. Hence, the structure
becomes effectively single moded and single polarization (practically support q-TEg
mode only) until g=180nm, thereafter the attenuation of q-TEy, mode can be tuned by
g. For sufficiently large g, q-TE;o mode will show up again by decreasing leakage loss
following increasing g. The latter mode evolves from the q-TE;; core-cladding mode,
which is originally very leaky. Note that the q-TE,; mode of large g does not
correspond to q-TE ;o mode of small g (see Fig. 7.12).

The effect of the silicon substrate (see structure of Fig. 7.9b) is much simpler.
Fig. 7.18 shows the evolution of n.; of g-TEy and g-TE; modes in the complex plane
and their associated leakage loss as one varies buffer thickness b. Since the refractive
index of Si is large enough, such that it is larger than zero crossing point (see
explanation in Section 6.3.2), the Re{n.;} of structure with Si substrate is lower than
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ney of structure without the substrate (b=o0). The leakage loss follows the two-

parameter formula eq. (6.9) nicely, except at the highly lossy region, where eq. (6.9) is

no longer applicable. Fluctuations at the highly lossy region indicate error induced by

the boundary conditions. Fig. 7.19 shows the mode profiles of leaky q-TEy and q-TE,

modes for several sampled calculation points, which shows the wave-like tail in the Si

substrate region which is more pronounced for leakier structure.
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Issues related to implementation

Since k, in eq. (7.16) is function of n,; some entries within matrix M,; which

correspond to the computational boundaries will be function of n.; as well. Hence, the

eigenvalue equation will become non-linear. In this chapter, we linearize the

eigenvalue equation through a simple iteration scheme, by using n.; of the previous

iteration to evaluate entries in M, hence within each iteration the eigenvalue problem

can be solved using linear eigenvalue solver. Within each iteration, the sign of the

square root in eq. (7.16) should be correctly chosen based on arguments given in
Section 7.2.2.1. In this work, we have used the implicitly restarted Arnoldi method
available through the ARPACK package [25] used by Matlab as the eigenvalue solver.
The shift-and-invert algorithm [26] used by Matlab, which enables searching of several

complex eigenvalues nearby the shift (i.e. our initial and intermediate guesses), made it
suitable for this simple iteration scheme. All results presented in this and following

chapters have been obtained for convergence depth of 10 in n,; i.. [1og-T1o.1/<10"°

with £ denoting the final iteration number.
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It is well known that the efficiency and stability of an iteration process
depends strongly on the initial guess. In the work presented in this and also following
chapters, we implemented several iteration strategies. The first iteration strategy is for
guided modes, where the eigenvalue next to the previously converged result is used as
the initial guess for finding the next eigenvalue (see Fig. 7.20: the 7.4 in Fig. 7.20b is
the eigenvalue next to 7.3 in Fig. 7.20a, which are obtained when iterating for HE,,
mode). The second iteration strategy is for leaky modes, where we use the eigenvalues,
obtained by enforcing the DBC, as the initial guesses (see Fig. 7.20: the real-valued
g0 in Fig. 7.20c and 7.20d is obtained by using DBC instead of TBC). This can be
justified as we realize that modes of interest in optical waveguides are those of small
leakage loss and localized or quasi-localized one and the real eigenvalues and their
associated eigenvectors with zero-field-value at boundaries obtained through the DBC
can be regarded as the rough approximations to the complex eigenvalues to be
searched. Hence, this iteration strategy can be regarded as using the iteration as an
eigenvalue refinement mechanism, i.e. refining those approximate eigenvalues
obtained through the simpler DBC scheme. The matrices for the DBC itself can be
extracted from the matrices generated for the 1%-order BGT-like TBC with minor
changes. Of course for specific structures, other simpler and more efficient
approximate method (e.g. effective index method) can also be used to generate the
initial guesses. This iteration strategy might not work well for highly-leaky modes (i.e.
modes with large [Im{r.}|) and modes which are not really quasi-confined within the
waveguide (e.g. cladding resonance modes), since both the real-valued initial guess and
zero-field-value at computational boundaries as assumed for DBC is not a good
approximation for this kind of modes anymore. However, these highly-leaky modes are
not interesting for most applications. Besides these two iteration strategies, there is also
an option to have iteration based on user-supplied initial guesses, in case the user can
get approximate 7.y by other simpler method or when the DBC can not give good
initial guesses. Fig. 7.20 shows the convergence process of the iteration for step-index
fiber case (guided mode, 1% iteration strategy) and rib ARROW case (leaky mode, 2™
iteration strategy).

In order to efficiently search for only those modes of interest, we limit the n.y
search within user-defined upper and lower bounds. In addition, the code of the
implemented mode solver includes an algorithm to detect and skip diverging iterations,
which might result from bad initial guess. In order to prevent searching for
uninteresting highly-leaky modes, we also implement a leakage loss filter, which skips
iterations that converge to modes with leakage loss beyond a user-defined leakage loss
threshold value.

Other issue related to the implementation is the generation of the finite
element meshes. In this implementation, we use mesh generator available in the Matlab
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partial differential equation toolbox, which provides unstructured triangular mesh
suitable for nodal-based FEM with linear basis functions. In order to implement nodal-
based FEM with quadratic basis functions as presented in this chapter, we need
additional nodal points in the middle of every side of the triangular elements (see Fig.
2.4 in Chapter 2). These points can be easily generated by using the vertex nodal points
supplied by the mesh generator. In addition, it is possible to refine meshes located at
specific regions of the structure, within which the field is expected to be more
significant or has higher gradient.
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Figure 7.20. Convergence process of the iteration for (a). the HE;; mode and (b). the
EH;; mode of the step index fiber case, and (c). the real and (d) the
imaginary part of neyof the g-TEg) mode of the rib ARROW case.

7.5. Conclusion

A nodal-based finite element method furnished with 1%-order BGT-like TBC is
reported for vectorial mode solving of optical waveguides with 2-D cross-section. The
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scheme works for both guided and leaky mode computations. The scheme, which was
implemented using the quadratic triangular basis functions, was demonstrated for
computations of modes of optical fibers, fused fiber coupler, and leaky rib waveguide.
The results show good agreement with the exact values (for optical fibers) and
published results (for other structures). Using an isotropic step-index optical fiber, the
superiority of the proposed boundary conditions compared to the simple homogeneous
DBC and Sommerfeld-like TBC, was also demonstrated. Using the scheme, the
evolution of modes of a buffered leaky strip waveguide with anisotropic overlaid
cladding and high-index substrate as one varies the position of the cladding/substrate,
was observed.
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Chapter 8

Rigorous modeling of

photonic crystal fibers

The finite-element-based wvectorial optical mode solver reported in
previous chapter is used to rigorously analyze photonic crystal fibers
(PCFs). Both the real and imaginary part of the modal indices can be
computed in a relatively small computational domain. Results for PCFs
with either circular or non-circular microstructured holes, solid- or air-
core will be presented, including the air-core silica-air Bragg fiber. The
results of the solid-core structures are in good agreement with the results
of other methods, while the results of the air-core silica-air Bragg fiber
agree to the experimental results. Using the mode solver, a commercial
endlessly single-mode PCF were investigated.

This chapter is partly adapted from:

H.P. Uranus and H.J.W.M. Hoekstra, “Modelling of microstructured waveguides using a finite-element-
based vectorial mode solver with transparent boundary conditions,” Optics Express, Vol. 12, No. 12, pp.
2795-2809, 2004.

H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Modes of an endlessly single-mode photonic crystal
fiber: a finite element investigation," Proc. of The 9™ Annual Symp. IEEE/LEOS Benelux, pp. 311-314,
IEEE & Univ. Ghent, Dec. 2-3, 2004, Ghent, Belgium.
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Rigorous modeling of photonic crystal fibers

8.1. Introduction

Since the introduction of the photonic crystal fiber (PCF) [1], various waveguiding
structures that utilize the arrangement of microstructured holes [2] or thin layers [3]
have been realized. Due to the finite number of holes or layers in the cladding, the
structures are usually leaky. In this class of structures, both the real and imaginary parts
of the modal indices are essential parameters. The real part of the modal indices
determines among others, the dispersion properties [4, 5], while the imaginary part
determines the confinement loss [6]. The confinement loss is an important parameter to
discriminate one mode from the others; hence, one can have structures with wide
effectively-single-mode operation wavelength range [7] or non-polarization-degenerate
effectively-single-mode operation [8-10]. Therefore, the ability to calculate both the
real and imaginary part of the modal indices is important.

The large variety of possible hole shapes and arrangements demand the use of
numerical methods that can handle arbitrary cross-sectional shapes to analyze this kind
of structures. Besides, the existence of interfaces with high index-contrast between the
host material and air holes requires a vectorial method to accurately model the
structure. Among others; plane-wave expansion method [11], supercell lattice method
[12], multipole method [13], Fourier decomposition method [14], beam propagation
method (BPM) [15, 16], and also mode solver based on finite difference method
(FDM) [17, 18], and finite element method (FEM) [19-21] have been used to model the
PCFs. Some of these methods can calculate only the real part of the mode effective
indices.

With the multipole method one can calculate both the real and imaginary part
of the modal indices, but it is restricted to circular holes. The Fourier decomposition
method with adjustable boundary conditions (FDM-ABC) is suitable for calculation of
both the real and imaginary part of the modal indices of structure with either circular or
non-circular holes arranged in a circularly oriented setting and homogeneous exterior
domain. The BPM with perfectly matched layers (PMLs) is able to calculate both the
real and imaginary part of the modal indices of structures with arbitrary cross-section,
but might be rather intricate for multimode calculation. FDM and FEM mode solvers
employing PML [18, 22-23] can be used to calculate both the real and imaginary part
of the modal indices of structure with arbitrary cross-section shape, but the PML itself
occupies extra memory space and requires some skill to determine the optimal
parameters to work effectively.
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In this chapter, we discuss results of applying the vectorial optical mode
solver based on Galerkin finite element method, which is furnished with a 1%-order
Bayliss-Gunzburger-Turkel-like (BGT-like) transparent boundary conditions (TBC) as
described in previous chapter, to rigorously model various kinds of PCFs. Thanks to
the boundary conditions, the structure can be analyzed in a relatively small
computational domain for its complex-valued modal indices and field profiles. The
structures being considered include those with either solid material or air as the core;
thin solid layers, circular or non-circular microstructured holes arranged around the
core. In addition, arguments leading to a simple procedure was used to explain the
degeneracy and non-degeneracy of modes of the structure. Using the mode solver, we
also evaluated a commercial endlessly single mode PCF (ESM-PCF) for its single-
modeness.

8.2. Solid-core photonic crystal fibers
8.2.1. Photonic crystal fiber with circular microstructured holes

As the first sample of PCF with solid core, we choose a structure with 6 circular holes
arranged in a hexagonal setting as shown in Fig. 8.1a. Later on, we also consider
similar structures, but with more rings of holes up to the one shown in Fig. 8.1b and
found that they exhibit almost similar properties, except the confinement loss. Hence,
we will concentrate the computation mainly on the 6-hole structure and consider
structure with larger number of holes only if necessary.

In order to enable comparison of our results with the results of other methods,
we take the structure shown in Fig. 8.1a and choose the same structure parameters as in
the references [13, 14]. The diameter of the holes is d=5um with a pitch length of
A=6.75um. The refractive index of the background material is n,,=1.45, while the
refractive index of the holes is ny.=1. The vacuum wavelength used in the calculation
is 1.45um. Taking advantage of the symmetry of the structure; we only use a quarter
circle with a radius of 7,=10um as the computational domain with the curved boundary
located just slightly after the hole. The 1*-order BGT-like TBC is applied to the curved
boundary while symmetry boundary conditions, which consist of a perfect electric
conductor (PEC) and/or a perfect magnetic conductor (PMC), are applied at the two
boundaries coinciding with the structure symmetry planes. The computational domain
is discretized into 1648 triangular elements.
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Figure 8.1. The PCF with (a). 6 circular holes and (b). 60 circular holes together
with their computational domain and triangulation.
Table 8.1.  Computational results of the PCF with 6 circular holes and their
comparison with those of other methods.
. Vector FDM-ABC
Present FEM Scheme Multlpo_le Method (70 azimuthal,
(1648 triangular elements) (5 multipole moments) 54 radial terms)
Mode (White et al.) (Issa & Poladian)
Att.
Re(nesr) -Im(n.r) (dB/em) Re(7etr) -Im(ner) Re(nesr) -Im(n.r)
HEY, -like 1.4453935 | 4.11E-8 0.0155
1.4453953 | 3.15E-8 1.4453954 | 3.07E-8
HE, -like 1.4453931 | 4.13E-8 0.0155
TE,, -like 1.4385760 | 3.97E-7 0.1493 1.4385858 | 4.99E-7 1.4385890 | 5.43E-7
HE;, -like 1.4384419 | 7.13E-7 0.2684
1.4384458 | 9.93E-7 1.4384442 | 9.62E-7
HE! -like | 14384376 | 7.11E-7 | 0.2674
™, -like 1.4383622 | 1.03E-6 0.3865 1.4383667 | 1.37E-6 1.4383643 | 1.38E-6
HE;" -like 1.4303848 | 2.25E-5 8.4687 1.430175 2.22E-5
EH -like 1.4299517 | 1.67E-5 6.2762
1.4299694 | 1.58E-5
EHf’1 -like 1.4299459 | 1.68E-5 6.3246
HE, -like 1.4292608 | 9.17E-6 3.4507 1.4292553 | 9.34E-6

Table 8.1 shows our computed results for the first ten modes and the results of

other methods. The mode labeling in the table makes use of the similarity of the mode

profiles to those of ordinary step-index fiber with additional superscripts a and b

denoting the results obtained using PMC and PEC at the horizontal symmetry plane,

respectively. The table shows that our results using rather modest mesh size and small

computational domain are in good agreement with the results of the multipole method
[13] and the vector FDM-ABC [14]. The agreement in the real part of the effective
indices is better than that of the imaginary part. By varying the mesh size and the
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computational boundary position, we see indication that the absolute error of the
Im(nee) is a few orders better than that of the Re(n.y), meaning that the error terms
contain larger real component than imaginary component. We guess this is caused by
the fact that the boundary term (to which the leaky mode computation ability is
attributed) occupies only small fraction of the non-zero entries within the FEM
matrices. However, due to their very small values, it is very hard to get high relative
accuracy (small relative error) for the Im(n.y). Since only modest mesh size and
relatively small computational window were used in the results shown in Table 1, the
convergence test indicates that in general only the order (for some modes also the first
digit of the same order) of the computed Im(n.g) is significant, while for the Re(n.), at
least 4 decimal digits for the high order modes and 5 decimal digits for the low order
modes are significant.

Fig. 8.2 shows the real part of the transverse magnetic fields vector of the
modes, i.e. ¥Re(H )+ yRe(H ). The transverse fields of modes labeled with the

same subscript but different superscript (and also 7E- and TM-like modes), i.e. those
shown at the left and right column in Fig. 8.2, are perpendicular to each other at every
point in the structure cross-section. Therefore, they can be regarded as pairs. From the
computed results (see Table 8.1, and also later on Fig. 8.4 and 8.5), group theoretical
arguments [13, 24], and the arguments to be presented in Section 8.4, we can see that
HE! - and HE, -like, HE; - and HEJ -like, EH/ - and EH -like modes are
degenerate pairs, while HEY, - and HE?, -like, and also TE,, - and TM, -like modes are

non-degenerate pairs. Fig. 8.3 shows similarity of the longitudinal component of the
time-averaged Poynting vector of vectorial modes which correspond to the same LP
modes of standard optical fiber scalar analysis.

The table also shows that using different symmetry boundary conditions at the
two symmetry planes, the computed effective indices of the degenerate modes agree to
each other up to 5 decimal digits in Re(#.g). The small numerical birefringence comes
from the fact that the mesh used in the discretization has broken the structure
symmetry; the effect of which will show up in the discrepancies of the discretization
error of the computed degenerate modes. By reducing the discretization error, e.g.
using a finer mesh, one can expect smaller numerical birefringence [25].
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Figure 8.2. Transverse magnetic field vector plot of modes of the 6-hole PCF.
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Figure 8.3. Longitudinal component of the time-averaged Poynting vector of (a).
HE, -, (b). TEy - (c). HE, -, (d). TM,, -, (e). HE3bl - (). EH,;~ (g)
HE?, -like modes of the 6-hole PCF. Figures in the 1", 2" and 3" row

correspond to the LPy, LPy, and LP, modes of scalar model,
respectively.

We also take a similar structure (the same geometrical parameter, but different
refractive index) and perform a spectral-scan characterization. We assume that pure
silica has been used as the host material and take the more realistic value of the
refractive index from its Sellmeier’s equation [26] for each wavelength, i.e.

2 0.69616634° 0.40794264° 0.89747944°

n =1+ >+ >+ 5 (8.1)
A’ —(0.0684043) A -(0.1 162414) A —(9.896161)

with A is wavelength in um. In this way, the material dispersion effect is rigorously
taken into account here and also in all other wavelength-dependent plots in this
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chapter. For the air holes, we take a constant value of refractive index of 1. Fig. 8.4
shows the real part of the effective indices and the corresponding dispersion parameter
as function of wavelength. The dispersion parameter is calculated using [4]

. . A0
Dispersion = —:W[Re (neff )J (8.2)

The derivation of this formula will be given in Appendix 2. The curves show three
groups of modes, which correspond to the first-three LP modes. By using the present
vectorial solver, it is possible to distinguish modes within the same group. The
different between the curves of modes associated with the same group is more
pronounced for longer wavelengths, where the dimension of the structure becomes
more comparable to the wavelength. The divergence between curves for HE;, - and
HE?, -like modes also confirms their non-degeneracy as discussed earlier. The figure
also shows that the HE,, -like mode has zero-dispersion wavelength at shorter

wavelength than the ordinary fiber.
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Figure 8.4. (a) The real part of the mode effective indices and (b) the dispersion
parameter of the structure with 6 circular holes.

Fig. 8.5a shows the confinement loss as a function of wavelength. The
difference between modes within the same groups is even more pronounced here.
Since loss is one of the important parameters of the PCF, these results emphasize that
the vectorial method is necessary for such structure, especially in the long wavelength
regime (and also at large d/A ratio [28], which determines the local air filling fraction
in the ring of holes). As the wavelength increases, the modes become less quasi-
confined; consequently, the confinement loss also increases. As the HE,, -like mode is
the one with lowest loss, the structure will be effectively single-moded after a certain
propagation distance. In Section 8.5 we will further discuss PCF that is specially
designed to exhibit this property. Fig. 8.5b shows the effect of adding more rings of
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holes around the central core, with the holes in the cladding arranged in a triangular-
lattice-like setting. In this case; 2-ring, 3-ring, and 4-ring structures will have 18, 36,
and 60 holes (see Fig. 8.1b) in the cladding, respectively. We found that adding rings
of holes will reduce the confinement loss, but will not change the dispersion parameter
very much. Some small fluctuations in the curve of the structure with 60 holes in the
short wavelength region are due to the very small value of the loss, which is beyond
the machine accuracy of the computing platform.

10 10°
b
EH,-like HEfike
10" 2-fold degenerate! .| HE, -like
g 5 11
10
1-ring (6-hole) structure HEll-Iike
HES ke £ 2-ring (18-hole) structure
o 10
i 10
TM, -like kel .
3 4 E HEll—llke
b 107 3-ring (36-hole) structure
2
2
< HE, -like
10° HE,,-like 107 4-ring (60-hole) structure
HEu-Iike (2-fold degenerate)
(2-fold degenerate)
10'4 n n n n n 10'25 n i n n n
0.4 0.6 0.8 1 12 14 16 0.4 0.6 0.8 1 12 14 16
A (um) A (um)

(a) (b)

Figure 8.5. The confinement loss of the structure with circular holes. (a)
Confinement loss of the first-ten modes of the 1-ring (6-hole) structure.
(b) The effect of adding more rings of holes in the cladding.

8.2.2. Photonic crystal fiber with annular-sector shaped holes

Next, we consider a structure with 3 annular-sector shaped holes as shown in Fig. 8.6.
The host material is pure silica with a refractive index of 1.44402362 at a wavelength
of 1.55um, while the refractive index of the holes is 1. The annular-sector shaped holes
have an inner radius »;=1um and outer radius »=2um and angular width of 108°. We
take a half-circle with radius 7,=2.5um as our computational domain with the 1¥-order
BGT-like TBC at the curved boundary, and either PEC or PMC at the boundary
located at the structure symmetry plane. The computational domain is discretized into
1937 triangular elements as shown in Fig. 8.6. The results of the first-six modes of this
structure are given in Table 8.2 with comparison to the results obtained using the
vector FDM-ABC [14]. The vector FDM-ABC used in this calculation is slightly
different than the one discussed in [14]. Here, it employs Fourier decomposition only
in the azimuthal direction, while in the radial direction it uses a finite difference
discretization. Due to the vectorial character of the modes, the scalar method [27] is
simply not good enough, hence it will not be considered in the comparison. The table
shows good agreement between results of our FEM scheme and the vector FDM-ABC.
As in previous example, the HE! - and HE/, -like, and also HE3 - and HE) -like
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modes are degenerate pairs, while TE, - and TM,, -like modes are non-degenerate

pairs. The vector plots of the real part of the transverse magnetic fields of these modes
are given in Fig. 8.7. The real part of the effective indices and the dispersion parameter
of this structure are depicted in Fig. 8.8, while the imaginary part of the effective
indices and the confinement loss are shown in Fig. 8.9. Again, to obtain these spectral
plots, we used the Sellmeier’s equation (8.1) of pure silica at each wavelength. Fig.
8.8a shows that at around 1.483um, the real part of n.s of HE,, - and TM, -like modes
cross over, which indicates their rather dissimilar dispersion properties as shown in
Fig. 8.8b. Since this structure has much smaller core size and larger (local) air filling
fraction than the previous sample, the effect of the air holes is stronger, hence the zero-
dispersion wavelength of the HE|, -like mode is located at a shorter wavelength (see

arguments given in [5]). Besides, the vectorial character is also more pronounced as
indicated by more divergent curves of TE,, -, TM, -, and HE,, -like modes (which are

associated to LP;; mode of scalar analysis), both in their real and imaginary part of the

effective indices.
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Figure 8.6. Structure with 3 annular-sector shaped holes.
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Figure 8.7. The real part of the transverse magnetic fields of the first-six modes of
the structure with 3 annular-sector shaped holes. (a) HE -, (b) HE} -,

(c) TE,, -, (d) TM,, -, (e) HE: -, and (f) HEJ, -like modes.
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Table 8.2.  Calculated mode effective indices of the structure with 3 annular-sector
shaped holes.
Present FEM scheme Vector FDM-ABC .
(1937 triangular clements) (800 radial, 180 angular resolution)
Mode & (Issa & Poladian)
Att ti
Re(ren) | -Im(1e) | (dpreomy | ReCren) Im(ner)
HEY -like | 1.35580 | 4.95E-5 | 17.44
b 1.35584 5E-5
HE/ -like | 1.35581 | 4.96E-5 | 17.45
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Figure 8.8. (a) The real part of the effective indices and (b) the dispersion parameter

of the modes of structure with 3 annular-sector shaped holes.
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Figure 8.9. (a) The imaginary part of the effective indices and (b) the confinement
loss of the modes of structure with 3 annular-sector shaped holes.

8.2.3. Hole-assisted multi-ring fiber

So far, we have studied PCFs that work in the leaky mode regime. In this section, we
will consider fibers, which operate in the guided mode regime, but employ
microstructured holes to tune their properties. These fibers are known as the hole-
assisted fiber [29]. We will show that microstructured holes could be used to tune both
the number of guided modes and the dispersion properties of such fiber.

Figure 8.10. The hole-assisted multi-ring fiber.

Here, we consider a multi-ring fiber [30] with depressed core and tuned by
four holes located in its outer ring as shown in Fig. 8.10. The refractive index of the
outermost cladding n, is taken from the Sellmeier’s equation (8.1), while the
refractive indices of the rings follow from n=(1+A)nc.q4, With 4y, 4, 4, and 4; are

16
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-0.1%, 0.45%, -0.33%, and 0.1%, respectively, and the refractive index of the holes are
nhote=1. The size of the rings ry, 7y, 75, and r; are 0.41r, 3.9um, 1.9, and 3.8r,
respectively. The diameter (d) and position (D=s[r,+r;]/2, where s is a measure of the
hole position offset from the center of the outer ring) of the holes as well as light
wavelength are to be varied. This structure is similar to the one discussed by Yan et al.
[31], but here we have lowered the refractive index of one of the rings in order to
obtain single mode properties as well as low dispersion parameter (D), and hence low
group velocity dispersion (GVD) in the telecom 3" wavelength window. Our
computation showed that although low GVD can be achieved for the fundamental
mode of the structure proposed by Yan et al. (where 4,=0.48% has been used), but
their fiber is not single-moded in the expected wavelength range.

Fig. 8.11 shows the mode indices and their associated dispersion parameter
for the multi-ring fiber without air holes. This structure is multi-moded within the
wavelength range of interest. Fig. 8.12a shows the effect of introducing the four air
holes to the dispersion parameter of the fundamental mode of the fiber. Enlarging the
diameter of the air holes will lift the dispersion curve up, while moving the holes away
from the core will flatten the curve. Fig. 8.12b shows the dispersion parameter of the
guided modes of the fiber for d=2.2um and s=1. For this setting, the fiber is single-
moded and has a dispersion parameter of less than 4 ps/(nmrkm) in the telecom 3™
wavelength window. A smaller dispersion parameter can be obtained by holes with
d=1.8um and s=1, but for the latter setting, the fiber is not single-moded anymore in
the S-band. The introduction of air holes will reduce the average refractive index of the
outer ring; therefore will reduce the number of guided modes as well. The fact that this
fiber works in the guided mode regime and the possibility to engineer its dispersion
and modal properties by the arrangement of the air holes might be interesting for some

applications.
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Figure 8.11.  The mode effective indices and their associated dispersion parameter
for the multi-ring fiber without the microstructured air holes.
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We also notice that by introducing the air holes, a mode with a modal field
shape never reported for ordinary fibers appears. We label this 2-fold degenerate mode
as “ring” mode since its field is confined within the outer ring as shown by Fig. 8.13d-
f. The mode profile of this mode looks like g-TM;; while its degenerate pair looks like
q-TE;; of a waveguide with square core. This is not surprising as the introduction of
the air holes changes the symmetry of the structure from C,, into Cy,.

8.3. Air-core photonic bandgap fiber with rings of annular-sector shaped holes

Next, we consider an air-silica Bragg fiber structure recently demonstrated
experimentally by Vienne et al. [33], which is an air-core structure with 3 rings of
annular-sector shaped holes around it. We use the model depicted in Fig. 8.14, which
parameters are taken from the fabricated structure but slightly simplified for
computational efficiency. The radius of the air core is 7.,=10pm. We assume that the
holes are of annular-sector shaped with uniform thickness of #uu=2.3um. The
corners of the holes are rounded with circles tangent to the side of the annular-sector
shaped holes with radius of 7.ome=fannuia/4- The thin rings of the host material located
in-between two neighboring rings of holes have a thickness of #;,,=0.2um. These thin
rings of solid material are supported by thin bridges with a mid position thickness of
toridge=45nm. For computational efficiency, we assume that the number of holes are 24,
34, and 44 in the first, second, and third rings of holes, respectively, which are slightly
different than the fabricated one that has 24, 35, and 46 holes at the corresponding
rings. By this simplification, we have changed the symmetry of the structure into C,,
which enables the use of a computational window of a quarter structure. We use
computational window with radius 7,=19pm, with the curved boundary located not too
far from the outermost ring of holes. The 1st-order BGT-like TBC is applied at this
curved boundary, while the PEC and/or PMC are used at the boundaries coinciding
with the structure symmetry planes. The computational domain is discretized into
17638 triangular elements. This large number of elements is induced by the very thin
bridges located between two adjacent holes in the same ring. In the calculation, we
used the wavelength of 1.06pm, which corresponds to the laser used in the experiments
to measure the modal near field intensity pattern. The refractive index of the silica as
the host material is taken from the Sellmeier’s equation (8.1), while the refractive
index of air is 1.
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Figure 8.14. The model of the air-silica Bragg fiber with 3 rings of annular-sector
shaped holes in the cladding.

The results of the first-six modes are given in Table 8.3, which shows that the
TE,, -like mode exhibits the lowest confinement loss; a property that is typical for
Bragg fibers [8, 9]. This is as expected by the designer(s) of this structure, since the
structure is a Bragg fiber if we simply neglect the existence of the thin bridges. The
value of the calculated confinement loss of the dominant 7F-like mode agrees very
well to the measured results in the experiment [33] which is 0.015 dB/cm at A=1.04pum.
It should be noted that since our model has only 2-fold rotational symmetry, all the
modes are non-degenerate (see explanation to be given in Section 8.4). Fig. 8.15 shows
that the modal fields are very well quasi-confined within the air-core due to the quasi-
bandgap effect of the finite alternating solid-air rings in the cladding. Fig. 8.16 shows
the mode profiles of the HE, - and TEj-like modes, while their longitudinal
component of time averaged Poynting vectors are given in Fig. 8.17. The latter figure
visually agrees to the measured nearfield intensity pattern given in the paper of Vienne
et al. [33].

Table 8.3. The computational results of the first-six modes of the air-silica Bragg fiber.

Mode Present FEM scheme (17638 triangular elements)
Re(refr) -Im(72e55) Attenuation (dB/cm)

HE}, -like 0.99915 2.43E-6 1.25

HE}, -like 0.99915 8.52E-7 0.44

TE,, -like 0.99791 2.96E-8 0.015

HE}, -like 0.99785 2.78E-7 0.14

HE;, -like 0.99785 4.52E-7 0.23

™, -like 0.99776 8.24E-8 0.042
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The profile of the HE,, -like mode shows the existence of bright resonance

spots at the cladding layers that were also observed in the nearfield patterns measured
in the experiments of Vienne ef al. These spots indicate the onset of anti-crossing with
the cladding resonance mode. Such modes are also observed in the solid-core PCF with
small air holes (see Section 8.5). For air-core PBF, since the effective indices of

interest are below 1, the transverse wavenumber k, = ky/ne,., —n2, is rather large,

which enables resonances to take place even in thin solid material. This is why recent
design of air-core PBFs which exhibit low loss [35], employs very thin solid material
to form the 2-D photonic crystal of the cladding, i.e. to suppress the possibility to have
anti-crossing with such cladding resonance modes. Fig. 8.18 shows modal fields of
such a mode. Besides this mode, we also observed the existence of cladding resonance
modes with main field component residing at the solid material near to the core. Such
modes are often referred to as surface modes in the literature [34].
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Figure 8.18.  The real part of (a). H, and (b). H, of a cladding resonance mode with
v

Re(n.g) nearby HE\\-like modes.

The employment of silica enables the use of tools/techniques inherited from
ordinary optical fiber technology, like the use of connector, splicing with other fibers,
tapering, etc. Hence, this air-silica Bragg fiber might be an interesting alternative to
conventional air-core Bragg fibers [8].

8.4. Structure symmetry and mode degeneracy in photonic crystal fibers
Mode degeneracy in PCF has attracted several theoretical and computational

investigations [13, 24-25, 36-37]. Based on their numerical results, Ferrando et al. [36]
explicitly said that the two HE),-like modes (e.g. HE],- and HE},-like in Fig. 8.2) of a

X0
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PCF with six-fold symmetry have slightly different propagation constants, meaning
that they are only nearly degenerate, hence they are non-degenerate modes. Steel et al.
[37] using group theoretical arguments as given by Mclsaac [38], field rotation and
inner product, and multipole method, proved that these modes are degenerate. Koshiba
and Saitoh [25] used a mesh refinement in the FEM mode solver to numerically prove
that these modes are degenerate. The mode degeneracy and non-degeneracy of this
type of PCFs are later on tabulated in several papers [13, 24]. However, it is not easy to
understand the arguments on mode degeneracy and their relation to structure symmetry
given in these papers. Simple procedure is required such that one can easily evaluate
the mode degeneracy of any structure (not only the 6-fold symmetry structure) just by
visual inspection on the modal field profile, without any requirement to know group
theory or carrying out extra computations. Here, we present arguments that lead to a
simple procedure to recognize the degeneracy/non-degeneracy of computed modes
based on their field profiles. In the light of this simple procedure, the degeneracy/non-
degeneracy of modes discussed in Section 8.2-8.3 and in the previous chapter, can be
understood easily.

The result of a symmetry operation (i.e. operation like rotation and reflection,
which when acting on a structure, will leave the structure unchanged) on a modal field
can be expressed as a linear combination of modal fields of all degenerate modes,
including the original mode itself, i.e.

— P —
SY, =Y a¥, (8.3)
i=1

where S is such symmetry operation, {‘?,..‘?ﬂ} are degenerate modes with
¥, e {\Pl..‘i’p} , p>1 for degenerate modes and p=1 for non-degenerate mode. Eq. (8.3)

comes from the fact that S has to commute with the eigenvalue operator of the
problem. From eq. (8.3), it follows that if the result of all possible symmetry operations
on a modal field can not be reconstructed by just scaling of the original modal field
itself, then the mode should be degenerate. It also means that for 2-fold degenerate
modes, we can reconstruct one modal field with the linear combination of two
intermediate modal fields obtained by different symmetry operations on the other
modal field of the degenerate pair, provided that these two intermediate modal fields
are not linearly dependent. Note that this consequence holds also in the case that one of
these symmetry operations is just the identity operation. Hence, by just looking at the
possibility to reconstruct one modal field from fields derived from its pair (see e.g. Fig.
8.2), one can recognize the degeneracy/non-degeneracy of modes. This procedure is
simple, and can be carried out quickly just by visual inspection. Note that accidental
degeneracy is beyond the discussion given above.
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Figure 8.19. (a). ¥, and (b). ¥, which are H +$H of HE},- and HE,-like
modes of the 6-hole PCF, respectively.

To illustrate the procedure, we will take the PCF as shown in Fig. 8.1a and
show the degeneracy of its HE,,-like modes by showing that HE], -like modal field can

be reconstructed by linear combination of two modal fields obtained by different
rotational symmetry operations on HE;: -like modal fields. Assume that ¥, (as shown

by Fig. 8.19a) is the modal field of HE], -like mode of the structure. Since the structure

has six-fold rotational symmetry, rotation of the modal field by 2nm/6 radiant with
integer m, is a symmetry operation. Assume that ‘?1’(2” 16 and ‘1’1’2(2” /6y @s shown in

Fig. 8.20 are the rotated ‘i’l with rotation of 27/6 radiant (i.e. m=1) and 2(271/6) radiant
(i.e. m=2) clockwise, respectively. Fig. 8.21 shows P, :(‘?1’(2”,6) +‘f‘1,2(2,r,6)) which
is obtained by linear combination of ‘TJW” 16 and ‘?1,2(2” 16y With scaling constant a
and b equal to 1. Visual inspection of Fig. 8.21 and 8.19b (where ‘i’z is the modal
field of the HE] -like mode) shows that q’z and ‘_I.f3 are linearly dependent, meaning
that we can reconstruct ¥, by linear combination of ‘?1‘(2” /6 and ‘1’1’2(2” /) - Hence,

we can understand that HE}, - and HE, -like modes are degenerate.
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Figure 8.20. (a). ‘?1’(2”,6) and (b). ‘?1’2(2”/6), which are XH,+JH  of the rotated

‘i’l with rotation angle of (27/6) and 2(27/6) radiant clockwise,
respectively.

Figure8.21. ¥, = (‘I‘l‘(zm) + ‘?1‘2(2”,6)) obtained by linear combination of ‘i’l,(zﬂ/ﬁ)

and LPl,z(zzr/s) .
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Figure 8.22. (a). P, (corresponding to HES, -like mode), (b). Lf’mm), (). q’l,z(z”/s)’
(). ¥, =(—q’1q(2”/3) +‘i’l,2(2”/3)) and (e). ¥, ( corresponding to HE., -
like mode) of the PCF with 3 annular-sector shaped holes.

The same procedure can be generalized to other (higher-order) modes and
other structures as well. Fig. 8.22 shows how that applied to show the degeneracy of
HE;, - and HE}, -like modes of the PCF with 3 annular-sector shaped holes discussed
in Section 8.2.2. Similarly, the non-degeneracy of HEY -like (Fig. 8.2g) and HE}, -like

(Fig. 8.2h) modes of PCF with six-fold symmetry can be understood as there is no way
to reconstruct field shown in Fig. 8.2h by linear combination of symmetry-operated
versions of field shown in Fig. 8.2g, or vice versa. Note that this situation does not
happen in ordinary fiber case (see Section 7.3.1 in the previous chapter). Since the
fiber has C.,, symmetry, rotation by any angle is symmetry operation. By just rotating
the field of HEY,, we can reconstruct the field of HE; modes, and vice versa, hence

these modes are degenerate in ordinary optical fiber.
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8.5. Modes of an endlessly single mode photonic crystal fiber

One of the attractive properties of the PCFs is their possibility to be single-moded over
a wide wavelength range, surpassing the ordinary single-mode fibers which become
multi-moded for wavelength below their single-mode cut-off wavelength. PCFs, which
are specially designed with this property are called endlessly single-mode (ESM-)
PCFs [7]. A simple model used to study the PCF is effective index model, where the
high index core surrounded by the lower effective index of the cladding due to the
presence of the periodic holes, guides light by a so-called modified total internal
reflection mechanism [2]. In the case of cladding with small air-filling-fraction, one
will get a low index-contrast equivalent waveguide, which is required for single-mode
operation. At shorter wavelengths, the effective index of the cladding will get closer to
the refractive index of the silica. This dispersive property will somehow compensate
the decrease of the wavelength and keep the single-mode behavior over a wide
wavelength range.

However, the practical PCFs have a limited size of the holey cladding,
embedded within a large area of uniform outer cladding, leading to a structure with
inherent confinement losses. With the growing of interests in investigating both the
dispersion and the confinement losses of the PCFs, a leaky-wave model has been
proposed as a more rigorous model for the PCFs [6]. Among the large number of leaky
modes, the single-modeness of an ESM-PCF is attributed to the loss discrimination
between the dominant mode and other modes. Several papers have been published on
the criterion of the endlessly single-modeness of the ESM-PCF. Such criteria can be
based on the sensitivity of the imaginary part of the mode indices of the higher-order
modes to the changes of the structural parameters [39], or the confinement of the field
within the core area [40]. These criteria lead to a relatively small cladding air filling
fraction as a requisite for the ESM operation. As small air filling fraction will lead to a
high confinement loss, the design of a commercial ESM-PCF will apparently face a
trade-off between the endlessly single-modeness and the confinement loss. In this
section, we will compute the modes of a commercial ESM-PCF and study its single-
modeness. We will use the loss discrimination as the single-modeness criterion. As the
confinement losses are a function of the fiber length, the latter quantity will play an
important role in the single-modeness of the ESM-PCF.
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Figure 8.23. The structure of ESM-12-01.

We consider the ESM-12-01 fiber made by BlazePhotonics [41] as our
sample. This commercial PCF is claimed to be endlessly single-mode and suitable for
short wavelength applications by the factory. The structure of the fiber is depicted in
Fig. 8.23, with d=3.68um and A=8um. For our computations, the refractive index of
the undoped silica as the host material has been taken from the Sellmeier’s equation
(8.1), while the refractive index of the air holes is assumed to be unity within the
wavelength region of interest.
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Figure 8.24. The calculated (a). real and (b). imaginary parts of the effective indices
of the first-few modes of the ESM-PCF. In (b), the curve for HE;-like
mode almost coincides with the horizontal axis.

The first-few modes of the considered PCF with attenuation constant of
smaller than 10 dB/cm were calculated using the FEM mode solver reported in the
previous chapter, for wavelength spanning from 0.4pm to 1.6um. Within this
calculation, the material loss is not taken into account. The real and imaginary parts of
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the mode effective indices are shown in Fig. 8.24, while the dispersion parameters and
the attenuation constants are depicted in Fig. 8.25.
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Figure 8.25. The calculated (a). dispersion parameter and (b). attenuation constant of
first-few modes of the ESM-PCF. The curves in (a) almost coincide,
indicating the weak waveguide dispersion.

Fig. 8.24a shows that the real part of the effective index of the fundamental
HE, -like mode is well separated from other modes, indicating the single-mode
behavior, which is stronger for longer wavelengths. Fig. 8.25a shows that the
dispersion properties of those modes are dominated by the material dispersion of the
bulk silica as the air holes effect is weak due to the small d/A ratio. However,
looking at the loss properties of the modes (Fig. 8.24b and 8.25b), we notice the
existence of 3 groups of modes. The first group contains only the fundamental HE,, -

like mode which has very low loss. The second one consists of the higher order core
modes associated with LPF,-like scalar mode, ie. TE, -, TM, -, and HE, -like
modes. Since the d /A is small, the equivalent waveguide is a low-index-contrast one,
hence the vectorial character of the modes is less pronounced as indicated by the very
similar loss properties of these 3 modes. The last group of modes has an unusual field
distribution. These are the cladding-resonance and the core-cladding-resonance modes
as depicted in Fig. 8.26. Their existence can be understood by viewing the holey
section of the cladding (including the core) as a defect in the uniform cladding
background, hence forming a resonance center. For PCFs with large d/A, the
complex-valued . of these resonance modes are far apart from that of the modes of
interest, hence seldom observed both computationally and experimentally. Since they
are less quasi-confined than the core modes, they are leakier.
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Figure 8.26.

The transverse component of the magnetic field of (a). the HE\\-like
cladding-resonance and (b). the HE,)-like core-cladding-resonance
modes and (c¢) & (d) the longitudinal component of their time-
averaged Poynting vectors as calculated at A=1pm.

The single-modeness of the ESM-PCF can be evaluated by comparing the
difference in confinement losses between the dominant mode and the nearest higher

order modes. We define a quantity called multi-mode rejection ratio (MMRR) as a

measure of the single-modeness as follows.
MMRR =10log(F,/P,)= (e, —at,) L (8.4)

with Py and P; denoting the power of the dominant fundamental and the nearest higher-
order mode (which are assumed to be equally excited), while o, o, and L denoting the

attenuation constant of the dominant mode, the nearest higher-order mode, and the
length of the fiber, respectively. By putting 20dB as the minimum MMRR (meaning
that the power of the fundamental mode is at least 100 times larger than the nearest

higher order mode) as the single-modeness criterion, we get the minimum length of the
fiber for single mode operation are 11.97m, 3.86m, and 0.78m for wavelength of
0.4um, 0.6328um, and 1pm, respectively, as shown in Fig. 8.27. Allowing the power
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of the fundamental mode to be just at least 10 times the nearest higher order mode, the
minimum length is just half of those of the previous criterion. Hence, although this
fiber geometry does not fulfill the ESM criterion of Mortensen et al. [40], it still can be
regarded as ESM-PCF for long fiber-length applications. While, for short fiber-length
applications (e.g. if one thinks of gas/liquid sensing applications), especially for short
wavelength region, the endlessly single-modeness should be considered with some
precaution. Although the attenuation of the fundamental mode is 6 orders lower (in dB
scale) than the nearest higher order modes, the low attenuation of these higher order
modes can make them to be quite significant for these particular applications. This
suggests the requirement of ESM-PCF which is specially designed for short fiber-
length applications. As these applications can tolerate higher attenuation, the use of
smaller d /A and less rings of air holes can be incorporated. Otherwise, some manner

to strip off higher order modes might be required.

[y
N

=
o

o2

MMRR . =10 dB
min

MMRR . =20 dB
min

Minimum fiber length (m)
(2]

0 R .
0.4 0.6 0.8 1.2 1.4 1.6

1
A (um)

Figure 8.27. Minimum fiber length for single-mode operation by the loss
discrimination criterion for minimum MMRR of 10 and 20 dB.

8.6. Conclusion

A finite-element-based vectorial optical mode solver furnished with a 1%-order BGT-
like TBC reported in the previous chapter was applied to study the PCF. The boundary
conditions allow the calculation of both the real and imaginary part of the modal
indices in a relatively small computational domain. Both solid- and air-core structures
with either circular or non-circular holes were rigorously analyzed. The computed
results agree with the results obtained using other methods or experiments. The modes
of a commercial ESM-PCF were investigated using a finite-element-based vectorial
mode solver. Based on the loss discrimination, the single-modeness of the PCF were
verified, which suggests that ESM-PCF for short and long fiber-length applications
should be designed differently.
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Chapter 9

Toward low-loss hollow-core
integrated optical waveguides:

the material composition aspects

The role of cladding bilayer material compositions to obtain low-loss
hollow-core integrated optical waveguides was studied. Using the simple
Fresnel reflection formula, the optimal material composition was
determined. The results show that bilayer with higher index-contrast does
not always lead to a lower loss for linearly polarized modes. Based on that
knowledge, structures that exhibit very low leakage loss for quasi-TEgo
mode are proposed and designed using Si-compatible materials. An
iterative procedure using a semivectorial effective index method leaky
mode solver has been employed in optimizing the bilayer thicknesses.

This chapter is adapted from:
H.P. Uranus, H.J.W.M. Hoekstra, and E. van Groesen, “Considerations on material composition for low-loss
hollow-core integrated optical waveguides,” (to be submitted for publication).
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Toward low-loss hollow-core integrated optical

waveguides: the material composition aspects

9.1. Introduction

Recently, hollow-core integrated optical waveguides have attracted the interest of
many researchers [1-5]. This kind of structures allows quasi-confinement of light into
the hollow-core, hence offers properties like low absorption, low dispersion, low
thermal sensitivity, and a high damage threshold. Besides, it allows intense interaction
between light and gas or liquid filled into the core on one hand and prospective for
integration of various components (not only photonic components, but also micro-
fluidic and MEMS components) in a chip scale on the other hand. Hence, it is
interesting for applications like sensing, spectroscopy, light-driven biological/chemical
processes, or non-linear optics of gas/liquids, as well as telecommunication.

Low leakage loss can easily be obtained in hollow-core waveguides made in
slab structures with 1-D confinement [1] and in structures with circular core cross-
section for 2-D confinement [6]. This is due to the existence of modes, which maintain
the consistency of their polarization and orientation of transverse wavevector at
reflector layers stack in such structures, hence eases the optimization of such layers,
especially for TE polarization where the reflection is relatively high. Here, consistency
means the orientation of such quantities relative to the interface are the same at every
layer. These are not the case for integrated optical waveguides, which usually have
rectangular cross-sectional shapes. Many experimental work on hollow-core integrated
optical waveguides with a 2-D core cross-section have been reported [1-5]. However,
most of the reported structures exhibit rather high losses ranging from few dB/cm [4,
5] up to few tens of dB/cm [1, 3], hence they are applicable only for limited number of
functionalities. Part of the losses comes from the fabrication imperfection like
deviation of the thicknesses of the cladding layers from the design, the existence of
unexpected air gap, or scattering due to surface roughness. The other part of the losses
indeed comes from the leakage loss of the leaky-wave structure as a consequence of
the low-index core. While the first source of losses is determined by the precision of
the fabrication technologies, the latter source of losses remain a fundamental issue,
which could be improved by better understanding of the theory. Besides, the
knowledge on architectures and material compositions, which could enable low
leakage loss might suggest the direction of the fabrication technology and material
research, and omit many unnecessary trial and error experiments.
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In this chapter, we consider integrated optical structures with air forming the
rectangular core, a cladding composed of a finite number of periods of bilayer with
alternating high/low refractive index materials, and a high index background. We
report study on the relevance of the material composition of such layers to the
performance of the waveguides using the simple Fresnel reflection formulae. Based on
that, we propose material compositions and structures that give low leakage loss. We
used the finite element method (FEM) leaky mode solver discussed in Chapter 7 to
verify several structures, which were designed based on the knowledge about well
performing material compositions. We show structures, which to the best of our
knowledge, exhibit leakage loss down to 40 times (on a dB scale) lower than the so-far
reported lowest loss hollow-core integrated optical waveguide in the literature.

9.2. The material composition considerations

Besides the anti-resonant condition set by the correct choice of thicknesses of the
bilayer and the architecture of the structure, the reflection at interfaces between
core/cladding and between cladding layers are of importance to achieve low leakage
loss. Since microstructuring for integrated optical waveguides mostly results in a
rectangular-like cross-sectional shape, the modes of such structures will be nearly
linearly polarized in most cases, except in structures with nearly square cross-sectional
shape, where hybrid polarizations could exist. Due to the rectangular shape, it is hard
to maintain consistency of the polarization and the orientation of the transverse
wavevector at interfaces between cladding and core layers in such structures. For a g-
TE mode in a structure with rectangular cross-sectional shape, the light will have TE-
like behavior at the horizontal interface, but TM-like behavior at the vertical interface
of the layer stack. Hence, it is instructive to look at the reflection of these two
polarizations at a planar interface between two materials. Using the Fresnel reflection
formulae for light going from material 1 to 2, the reflection of light corresponding to a
mode of the waveguide can be written in a simple picture as

2 2 2 2
I(n,l_kn,z _ \/nl Ny _\/nZ ~Negt

e = = (9.1)
kn,l + I(n,2 \/nf — nesz +\/n§ — nezﬁ
for TE polarization, and
2 [2 2 2 [ 2 2
_ng n,1_n12kn,z_n2\/n1_neff _nl\/nz_neﬂ (92)

™ — 2 2 -
nzkn,1+n1 kn,z ng\/nf —nfﬁ +n12\/n22 —nfﬁ

for TM polarization, where ny, ny, ko1, kno, and nes denote the refractive index of
material 1 and 2, normal component of wavevector at material 1 and 2, and effective
index of the mode, respectively.
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Figure 9.1. The absolute value of the reflection coefficient for TE polarization of light
associated with ne=0.99 hitting planar interface between two materials
with refractive index ranging from 1 to 5.
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Figure 9.2. The absolute value of the reflection coefficient for TM polarization of
light associated with ng=0.99 hitting planar interface between two
materials with refractive index ranging from 1 to 5.

By taking n,=0.99, which is close to a typical value for the fundamental
mode of a hollow-core integrated optical waveguide, we plotted the absolute value of
reflection coefficient for n; and n, ranging from 1 to 5 in Fig. 9.1 and 9.2. Since
presently Si seems to be the most interesting substrate to realize such structures due to
the availability of the fabrication technologies and the overlap with other disciplines
(like micro-electronics, MEMS, and microfluidic), we also highlight some points
related to combination of commonly used Si-compatible materials, including air. Fig.
9.1 clearly shows that high reflection coefficient for TE polarization can be achieved
by using air at one side and material with as high as possible refractive index at the
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other side. Hence, bilayers made up of materials with higher index-contrast are more
preferable for this polarization. However, this rule is not valid for TM polarization as
shown by Fig. 9.2. The dashed line in this figure denotes the Brewster condition which
leads to zero reflection for TM, while the vertical and horizontal dotted lines denote
Oryy /0on, =0 and or,, /on, =0 conditions, respectively, i.e. the location of the
extrema of the curves. Using eq. (9.2), it can be shown that these two lines are
corresponding to n, :ﬁneﬁ and n, =x/§neff , respectively, which is around 1.4 for

ne#=0.99. Note that, this value is relatively close to the refractive index of pure SiO,
(1.444 at 1.55um), leading to almost similar reflection curves as shown in Fig. 9.3a.
Since the maxima of TM reflection is located at these lines, material with a refractive
index as close as possible to ﬁneﬁ is preferable to form one part of the bilayer.

Considering commonly used Si-compatible materials as shown in Table 9.1, we
suggest that air-Si interface is preferable to obtain high TE reflection, while air-SiO, is
preferable for TM. Considering only all-solid silicon-compatible material composition
of bilayer, SiO,/Si is more beneficial than SisN4Si or SiO,/SisN, for both
polarizations. Therefore, to obtain a low loss g-TE mode, Si-air (if the fabrication
technology permits) or Si/SiO; (if all-solid bilayer has to be used) are preferable for the
top and bottom stack of bilayers, while SiOy/air (if the fabrication technology permits)
or Si/SiO, (if all-solid bilayer has to be used) for the left and right stack of bilayers.
Note that consistent with this argument, the relatively well performing hollow-core
integrated optical waveguides with only few dB/cm measured loss [4, 5] reported in the
literature, were fabricated using Si/SiO;, bilayers. It is also worth noting that since air is
used as the core, besides the number of bilayer periods, the selection of which material
of the bilayer that has direct contact with the core is also relevant for reducing the
leakage loss, especially for bilayer with TM-like polarization, where the reflection
coefficient is relatively limited. The table also suggests that air/Si bilayer gives the
largest discrimination between the reflection coefficient of the two polarizations, hence
if the fabrication technology permits, it could be used to obtain low loss (and highly
single-moded) for fiber-HE,;-like mode, since this mode will have TE-like behavior at
both vertical and horizontal core/cladding interfaces. Note that this mode (which is not
linearly polarized) is supported by structures with a square cross-sectional shape.
However, a vectorial 2-D mode solver, which can address this mode directly, is
required to optimize the thicknesses of the bilayer for such mode.
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Table 9.1. The reflection coefficient for various composition of bilayer using Si-
compatible materials for light associated with mode with n.s=0.99. The
refractive indices are taken from the typical value for A=1.55zm.

reflection coefficient

ny/n, e Ftm |rrel-|row
Air/SiO, 1/1.444 -0.76336 -0.56272 0.20064
Air/SizN, 1/1.99 -0.84891 -0.51102 0.33789
Air/Si 1/3.48 -0.91886 -0.32269 0.59618
Si0,/Si3zN, 1.444/1.99 -0.24305 0.072578 0.17047
Si0O,/Si 1.444/3.48 -0.52081 0.29329 0.22751
Si3N,/Si 1.99/3.48 -0.31801 0.22552 0.092498
I cotedine: ni=san(@yn,g 08

n2: air ™

n2: S'aNA
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Figure 9.3. The reflection coefficient for various n, with n; fixed at (a). 1.444 and
V2n,, . (b). 1, and (c). 3.48 for n;=0.99.

9.3. ARROW design

By taking into account the material considerations as discussed previously, we propose
several low-loss hollow-core integrated optical waveguides. In order to have a good
fiber to chip coupling, we consider structures with a square hollow-core of
10umx10um size. To ease the fabrication, we consider all-solid top and down bilayers,
while allowing the use of air for the left and right bilayers. In order to have low leakage
loss for g-TEqy mode, we used Si/SiO, bilayers (which give moderate TE-like
reflection) for top and bottom claddings, and SiO,/air bilayers (which give high TM-
like reflection) for left and right claddings. Si and SiO, are the outermost media in
vertical and horizontal direction, respectively. One of such structures is shown in Fig.
9.4. We believe that some of such structures (with sufficiently thick vertical walls)
could be fabricated with the present technology. The thicknesses of the bilayers have
been optimized using an iterative method similar to the one proposed by Kubica [7],
but in our case, we have used a semivectorial effective index method (EIM) leaky



Toward low-loss hollow-core integrated optical waveguides: the material composition aspects 193

mode solver to calculate the leaky g-TEq, mode of the structure with 2-D cross-section,
and determine the optimized thickness of the anti-resonant layers within each iteration
step using

[ZM +1+(
T

¢ +4,;)mod (2;1)1/1

di = (9.3)

4Re( nf—njﬁyk)
where diy and negk, Ni, M, @i and ¢, and A are the optimized thickness of layer i and
calculated effective index at iteration step k, refractive index of layer i, anti-resonant
order (M=0,1,...), phase shifts at both interfaces of layer i, and wavelength,
respectively. In eq. (9.3) A mod B denotes the remainder after integer division of A
over B. The incorporation of phase shifts ¢,; and ¢,; is important if their sum is not a
multiple of 2x. This could be the case for the layer closest to the core [4], if that layer
is composed of SiO, for TE-like polarization or Si for TM-like polarization for Si/SiO,
bilayer as can be verified using Fig. 9.3. In this case, the optimal thickness of this layer
is different from similar layer of other bilayers, and the optimal thickness for TE-like is
different from TM-like polarization. Note that this fact can be used to get reasonably
performing structure with moderate loss for linearly polarized modes [4] or
polarization independent devices [1]. Since this phase shift issue is not the case in our
structure (which is to be optimized for g-TEq, mode) due to the choice of materials, we
will end up with the same thickness for the bilayer closest to the core and the other
similar bilayers. Note that the top and bottom layer closest to the core, which will be
optimized for the anti-resonant condition (hence high reflection) for TE-like
polarization, at the same time will be situated at the resonant condition (hence low
reflection) for TM-like polarization due to these phase shifts. This fact will help to
suppress the g-TM modes.

In order to handle leaky mode in the EIM we have used our 1-D FEM leaky
mode solver, which has been discussed in Chapter 5. Note that we have used the
approximately calculated mode of 2-D cross-sectional structure leading to a reasonable
estimate to ng, while other authors used only 1-D cross-section structure to determine
the optimized layer thickness. Since the EIM is relatively efficient, the optimization
process only takes few seconds to converge to Z|di,k - di'H| <10°nm on an ordinary

Pentium-4 desktop computer. Table 9.2 shows the thicknesses of the anti-resonant
layers (which has been rounded to nm) and the Re(ng) of g-TEy mode (according to
EIM) of the final iteration round. The attenuation according to EIM is around
0.04dB/cm. Within this optimization, A=1.55um has been used, and the refractive
index of Si and SiO, are taken from their Sellmeier’s equation [8], while the refractive
index of air is 1.
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Figure 9.4. The proposed low leakage loss hollow-core integrated optical structure
and the FEM mesh used to verify the design.
Table 9.2. The optimized thickness of the anti-resonant bilayers for the proposed
structures.
Structure Re(n) of Top-bottom bilayers Left-right bilayers
q-TEg by EIM

Waveguide 1 | 0.993923 3 periods of Si/SiO, 3 periods of SiO,/air
with M=0 with M=0
(Si closest to the core)
dgi=116nm, dsio,=370nm,
dsi0,=370nm d.;;=3520nm

Waveguide 2 | 0.993875 3 periods of Si/SiO, 3 periods of SiO,/air
with M=0 with M=1 for SiO;,
(Si closest to the core) | and M=0 for air
dsi=116nm, dsio=1110nm,
dsioz=370nm d,;;=3506nm

Waveguide 3 | 0.993779 3 periods of Si/SiO, 3 periods of SiO,/air
with M=0 with M=2 for SiO,
(Si closest to the core) | and M=0 for air
dsi=116nm, dsio2=1849nm,
dsioz=370nm d.i;:=3479nm

20
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To verify the proposed structures, we used our FEM vectorial leaky mode
solver to compute the modes of the structure. We found that there are 3 dominant
modes in such structures, i.e. g-TEq, (-TEi, and ¢-TEg. Table 9.3 shows the
computed effective index of these modes, while Fig. 9.5 shows the real part of the
dominant component of the magnetic field of modes of waveguide 1. Since the
structures are optimized for g-TEq, mode, this mode will have a very low leakage loss
as expected. The g-TEg mode of the structure with M=0 in all anti-resonant layers has
the lowest loss, which to the best of our knowledge is 40 times (on a dB scale) lower
than the loss of the lowest-loss hollow-core integrated optical waveguides reported in
the literature. The loss of structure with higher anti-resonant order is higher. This can
be understood from eq. (9.3), where the error in estimating the optimal layer thickness
is higher for higher M. Waveguide 1 seems to be difficult to be realized, while we
believe that waveguide 2 and 3, which have a slightly higher leakage loss, can be
realized using present fabrication technology. We understand that our calculated loss
still not includes losses due to fabrication imperfections. However, we believe that
these results, which show the possibility to get theoretically low loss hollow-core
integrated optical waveguides, will seed optimism and will be helpful for the selection
of proper materials in these research topics.

Table 9.3. The computed dominant modes of the proposed structures.

Structure g-TEqo g-TEy g-TEq
Re(nexr) Att. Re(nes) Att. Re(nes) Att
(dB/cm) (dB/cm) (dB/cm)
Waveguide 1 | 0.993924 | 0.039 0.985419 | 1.94 0.984815 | 0.14
Waveguide 2 | 0.993902 | 0.08 0.985347 | 2.01 0.984791 | 0.24
Waveguide 3 | 0.993851 | 0.09 0.985203 | 2.22 0.984755 | 14.55
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Figure 9.5. The real part of the dominant component of the magnetic field for q-TEqy,
g-TE1o, and g-TEq; modes of waveguide 1.
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9.4. Conclusions

The role of material composition of the cladding anti-resonant bilayers to achieve low
leakage loss for hollow-core integrated optical waveguides was studied. The simple
Fresnel reflection formulae for a planar interface between 2 materials have been used
to determine the optimal material composition for linearly polarized modes. Based on
that knowledge, low-loss hollow-core structures composed of Si-compatible materials
were proposed. Iterative procedure was employed using the semivectorial EIM leaky
mode solver for optimizing the thicknesses of the anti-resonant bilayers. The optimized
structures were verified using the FEM vectorial leaky mode solver.
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Summary and Outlook

A large varieties of optical waveguiding structures are used in practice. Conventional
guided-wave planar and channel waveguides still play an important role in many
applications. However, new structures employing different mechanisms of controlling
the propagation of light are emerging. Such structures do not only improve the existing
applications, but also open up many new application areas. Interesting properties like
widely engineerable group velocity dispersion, single modeness down to short
wavelength region with large core, high birefringence but low temperature sensitivity,
can be attained by such structures. Moreover, structures that are able to efficiently
guide light in a low-index medium, like air or liquid core, which are of importance for
some applications, are now available. These advanced structures are becoming hot
topics of research. Modeling tools play an important role in the study and development
of these structures.

Summary

This thesis reports a series of techniques we have developed for the modal analysis of a
large number of optical waveguiding structures, ranging from guided-mode structures
with 1-D cross-sections, up to leaky-mode structures with complicated 2-D cross-
sections. In general, we considered structures, which are composed of linear, lossless,
non-magnetic, anisotropic materials with a diagonal permittivity tensor of either
constant or variable index profiles. Numerical schemes and boundary conditions
occupy the main part of this thesis. Additionally, for some cases, we also considered
analytical techniques, which give more insight and efficiency, but are in general less
rigorous for the considered problem. Applying the developed modeling tools to study
specific structures is another essential part of this thesis.

We modeled guided-wave structures with 1-D cross-section both with the
finite difference method (FDM) and the finite element method (FEM). For the FDM,
we developed a discretization scheme that takes into account both the smooth index
gradient and the sharp index discontinuity at interfaces between different graded-index
anisotropic materials. This scheme is suitable for the analysis of planar structures
composed of anisotropic materials with complicated index profiles, like titanium-
indiffused proton-exchanged LiNbO; waveguides. For the FEM, we employed the
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variational method with transparent boundary conditions (TBCs) using decaying basis
functions adopted from the WKB method for the exterior domain, while ordinary 1%-
order polynomial basis functions are employed in the interior domain. Using
Richardson-like extrapolation, we extended the scheme into a 4™-order accurate one for
the discretization of the interior domain, while still using the simple 1%-order
polynomial basis functions. We also combined the scheme with the semivectorial
(SV-) effective index method (EIM) to analyze indiffused channel waveguides, made
by using uniaxial crystals.

For leaky-wave structures with 1-D cross-section, we developed a high-order
Galerkin FEM scheme furnished with Sommerfeld-like TBCs to calculate the complex-
valued mode index and field profiles. Again, using the Richardson-like extrapolation,
we present schemes up to 6"-order of accuracy in the computed effective index by only
applying the simple 1%-order basis functions. The same scheme can also deal with
guided-wave structures as well. Using this scheme, we studied the properties of
ARROW structures. Together with a perturbation method, we also applied the scheme
to study buffered-leaky waveguides (in the presence of a high-index outermost
medium) and pointed out some interesting properties of such structures, e.g. evolution
from guided- to leaky- and then back to guided-wave structures again as one varies the
refractive index of the ‘high-index’ medium.

For leaky- and guided-wave structures with 2-D cross-section, we developed
a vectorial mode solver based on a nodal-based Galerkin FEM with quadratic
triangular basis functions. The scheme is furnished with 1%-order Bayliss-Gunzburger-
Turkel-like TBCs, which can handle both guided and leaky modes using a relatively
small computational domain. Various structures were modeled, including SisN, strip
waveguides with a bulk DAST (4’-dimethylamino-N-methyl-4-stilbazolium tosylate)
overlaid on top of it, where we noticed the evolution of modes (from g-TMgg to g-TE;j,
and back to g-TMgg again, from g-TEy; to g-TEy, from guided to leaky and back to
guided again) as one varies the gap thickness. By exploiting the capability of the mode
solver to handle structures with complicated cross-section geometry, high index-
contrast, and complex-valued effective index, we also applied the solver to rigorously
study various types of photonic crystal fibers (PCFs), including those with circular or
non-circular holes in the cladding, solid or air as the core.

Apart from the developments of the numerical schemes, we would like to
highlight some important results of our research that might add to the knowledge of
optical waveguiding. The findings on the ‘strange’ behavior of modes in the buffered-
leaky waveguides with respect to the refractive index of the ‘high-index’ material
(Section 6.3.2) and the buffer/gap position (Section 7.3.4) are noteworthy. To the best
of our knowledge, these properties have never been reported before; although the
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utilization of these knowledge for new applications would need further research. We
anticipate that these features might be useful for sensing applications. The discussions
on the material composition aspects of anti-resonant bilayer (Chapter 9), although quite
simple, are fundamental, and might contribute to knowledge for realization of low-loss
hollow-core integrated optical waveguides.

Outlook

Next, we present our view on the need and possible extensions of the mode solver
developed in this research and on the emerging field of hollow-core integrated optics.

To our opinion, the developed vectorial mode solver for structure with 2-D
cross-sections is very promising and hence requires special attention for future
development. The first area of improvement could be the efficiency, since during our
work, we did not pay special attention to the optimization of the code, neither for
memory nor for time efficiency. New developments, such as the more and more
complicated advanced photonic structures proposed by researchers (see e.g. Section
1.3) require such optimization. In particular, this is because of some of these structures
employ very thin nanometer-scale features with complicated shapes (see e.g. Fig. 1.3
and 1.4) combined with large core. The occurrence of the very thin features requires a
very fine mesh, which in turn will blow up the size of the FEM matrices. We found
that for such cases, the computation is rather resource demanding. Even though we
have reduced the computational load as much as possible, i.e. we exploited the
structure symmetry, which enables us to use only part of the structure in the
computations, employed a scheme with only 2 vector components for the vectorial
formulation, and reduced the computational domain with the help of the TBCs; the
computation of such structures is still a heavy job. Along with the emergence of more
complicated structures, there is another reason for revisions. All of our codes were
implemented using (interpreter-based) Matlab and executed on an ordinary personal
computer. To our opinion, implementing the vectorial mode solver using a more
efficient and a more portable (so that it can be run on other platform like a Linux-
cluster supercomputer as well) programming language along with the optimization of
the algorithm and data structure could be important. But, this might need some efforts
since the solver requires supporting tools like a mesh generator and eigenvalue solver,
which are very accessible in Matlab. We understand that libraries of similar tools are
available in other platforms as well, but efforts might be required to adapt the code to
the new interfaces and data structures.

Another area of adaptation of the numerical schemes is to extend it to handle
structures with special material properties. In the present code, as described in this
thesis, structures are restricted to certain material properties, such as linear, lossless,
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non-magnetic, and anisotropic with diagonal permittivity tensor. The extension of the
vectorial mode solver to handle other materials will be interesting to be able to tackle a
wider range of applications. For instance, we believe that migrating to edge-element
FEM is important for tackling certain materials, as this FEM scheme can handle
interface conditions transparently, which is important for inclusion of magnetic
materials or implementation of an E-field formulation. Anticipating on the emergence
of increasingly complicated structure cross-section shapes, the implementation of
isoparametric triangular elements might also be interesting.

Finally, we present our view about hollow-core integrated optics. This is one
type of structures on which we have spent quite some time and ended up with those
reported in Chapter 9. We have strong confidence that this structure is very promising
as it allows the intense interaction between light and matter filled into the core of the
structure at one hand, and allows integration of various components (not only photonic
components, but also micro-fluidic and MEMS components) in a chip scale at the other
hand. Hence, it is prospective for applications like sensing, spectroscopy, light-driven
biological/chemical process, or non-linear optics of gas/liquid. Both the study and
fabrication of this kind of structures are challenging and are not well developed yet.
We have found a strategy to reduce the leakage loss and designed structures of hollow-
core integrated optics that exhibit confinement loss down to 40 times lower (on a dB
scale) than what have ever been reported, to the best of our knowledge, at the moment
of the writing of this thesis. However, further research is required to understand this
particular structure better, e.g. regarding how to enhance its single-modeness while
keeping its low-loss property and convenient mode field size for easy fiber to chip
coupling. Besides, development of good optimization tools is important to determine
the best structure parameters, which could be realize by the available fabrication
technology. This could be another prospective future topic of research.
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Appendix 1

Why 1%-order accuracy at interfaces still gives 2"-order

overall accuracy: a perturbative explanation.

This appendix is aimed to explain the statement given in section 3.3.3 of Chapter 3,
that a finite difference (FD) scheme with 2"-order discretization error at most of the
grid points but 1¥-order error at (few) grid points adjacent to interfaces, will still give a
2"_order global accuracy in the calculated effective index for a sufficiently large
number of total grid points.

After the FD discretization, we will get a matrix eigenvalue equation of the
form

(Anum _ﬂnzuml){gonum}zo' (All)

This matrix eigenvalue equation should be satisfied by any eigenvalue. For the k™-
order mode, we get

(A = B ){@uumic | =0 (A12)

Assume that we can get the quasi-exact solutions (solutions that are very accurate, e.g.
the result of higher order scheme) from

(A A1) {on}=0 (A13)

with A denotes the matrix of the quasi-exact discretization.

Suppose that the FD discretization will give a truncation error of O(AX?) at
most grid points, but O(AX) at certain (few) fixed number of grid points next to
interfaces. Using 1¥-order perturbation analysis, we regard the quasi-exact system as
the unperturbed system, and the numerical system as the perturbed system. By looking
at the k™-order mode solution, we will get

Anum = Aex + 5Al + 5A2 (Al 4)
ﬂnzum,k = IBezx,k +5ﬁk2 (AIS)
{Pumi } = 280 { P | (A1.6)

where 0A, corresponds to discretization error of grids located around interfaces which
is first-order, and 6A, corresponds to discretization error of other grid points which is

second-order. Hence, we can write
oA, = AXD, (Al.7a)
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SA, =AX’D, (A1.7b)
It should be noted, that for the same structure, A, and D; have fix number of non-zero
entries regardless on how fine the discretization is, because these non-zero entries
related to discretization of grid points adjacent to interfaces which are fixed. In eq.
(A1.6) we have expanded the k™-order modal field of numerical solution into a linear
combination of the quasi-exact eigenvector (modal field). Substituting eqs. (Al.4)-
(A1.6) into (A1.2) leads to

(Aex + 5A1 + 5A2 )Z am {¢ex,m } - (ﬁezx,k + (Sﬂkz ) Z am {(Dex,m } = 0 (Al 8)

Taking the inner product of eq. (A1.8) with respect to the quasi-exact eigenvector of
the k™-order mode and make use of the orthogonality among modes of the quasi-exact
solution leads to

a <(Aex - ﬁezx,k ) {CDex,k }s {%x,k }>
+a, [((0A +0A) (P} (0o )) = B2 ({2 )| =0 (AL9)

Since the k™-order mode of the quasi-exact solution should satisfy eq. (A1.3), the first
term in eq. (A1.9) vanishes. Since the numerical eigenvector should be close to the
quasi-exact eigenvector of the same order of mode, it follows that a,=0. Therefore, we

will get
2 <5A1 {CDex,k }s {q)ex,k }> + <5A2 {q)ex,k } > {¢ex,k }>
Pl = (A1.10)
<{§0ex,k } > {%x,k }>
which can be written as
o5 = AX(D {Pus o { @i )+ X (D, {0i o {2 ) ALLD

(CNYRT)
Hence, the order of error will depends on both AX<D1 {g)ex,k }:{(/’ex,k }> and
AX® <D2 {goex,k } , {goex,k }> . We can rewrite eq. (A1.11) as

op; = Axc, (N)+Ax°c, (A1.12)
with

c _ <D1 {(ch,k } ’ {(ch,k }> a
) (it lous)) (Al.13a)
__(Dfouilond)

e lon)

where N denotes the number of grid points (i.e. the number of entries in vector

(A1.13b)

{wex,k}). If the number of grid points increases, C; will decrease because
<Dl {wequ},{goex,k }> remains almost the same value (because the number of non-zero

entries in D; will remain the same and the value of the corresponding entries will
almost be the same as the grid relative position to the interface only fluctuates slightly
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as the number of grid points being increased), while <{¢ex,k},{¢ex,k }> increases as the

size of the column vector increases, if we discretize the same field. As a consequence,
for sufficiently large N, it follows

cl(N)~ﬁ~Ax (Al.14a)

c,(N) = Axc,. (A1.14b)
In contrary, C, is not much affected by the number of grid points because the increase
in <D2 {?’m }’{qjex,k }> as the number of grid points increase will be compensated by the

increase in <{¢ex,k},{¢exlk}> (that is why if the discretization error is uniformly 2"-

order, hence 57 is also 2"'-order for the case where the interface discretization error

is already 2™ order, as generally understood). Hence, by incorporating eq. (A1.14), the
first term in eq. (A1.12) is proportional to Ax* for sufficiently large number of total
grid points. Therefore, we can write

OB; = By — s = AX'Cy + AXC, = O (AX) (A1.15)

umk ~ Me

which proves that the error of 42 is second-order. This behavior is confirmed by the
computational results (see e.g. Fig. 3.3.b).

The order of error of SBymx Will be the same as the order of error of S5, as
we may write 9f; =2/3,.5f, , where & denotes small variation. More precisely, we may

also use Taylor’s expansion as follows. By assuming 3f; =0 (sz) , we will get

Buums = Boui +O(AX) = B, [1+0(AX*) (AL.16)

which can written as
Bums = Boi[1+10(AX) =10 (Ax* ) +.....] = B, +O(AX) (A1.17)

The proof and explanation given above can be generalized to any order of
error, i.e. the effect of O(AxP) error in FD discretization of a fix finite number of grid
points, while the rest grid points has O(AX"™") error, is O(AXP™") error in the computed
eigenvalue.
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Appendix 2

The dispersion parameter

In Chapter 8, we present curves of the dispersion parameter D as function of
wavelength. Although the derivation of this parameter can be found in standard
textbook on fiber optic [1], we put a brief derivation here just as a reference for reader
who is not familiar with this term.

As a measure of how much an optical pulse will broaden as it travels in an
optical waveguide with wavelength-dependent properties, dispersion parameter D is
defined as

o,

D=—¢ A3.1
ol ( )
where the group delay is
1 0
=~ - " Re A3.2
=1 =5, Re(h) (A3.2)

g9
with vy is the group velocity. Here, we treat the longitudinal component of the
wavevector £ as a complex quantity for compatibility with leaky modes being
considered in Chapter 8, where only the real part contributes to the phase of the field.
By substituting

Re(B)=k,Re(ng)=(w/c)Re(ny) (A3.3)

into egs. (A3.2), where ng is the wavelength-dependent effective index of the mode,

and using

a=27¢ (A3.4)
[

eg. (A3.1) can be written as

D——iiRe(n ) (A3.5)
cort V) '

The latter equation is the formula that we used in Chapter 8 of this thesis, and also used
by other authors [2, 3]. Note that in the literature, one can also find other ways to
express the dispersion parameter, e.g.
o® 0?
D=- —Re A3.6
27C 0w* (ﬂ) ( )

as used by Johnson et al. [4], and
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2zxc &°
2% % Re A3.7
/12 aa)z (’B) ( )
as used by Zhang et al. [5]. By using egs. (A3.3)-(A3.4), it can be shown that egs.
(A3.6) and (A3.7) are identical to (A3.5). The relation of the dispersion parameter D to

the group velocity dispersion (GVD)
aZ
GVD = Re A3.8
- Re(p) (A38)

can be clearly seen from egs. (A3.6) and (A3.7). Note that very often the term GVD is
confusingly used to denote D [4, 5].

D=
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